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NÙkhlx<+ 'kklu] Ldwy f’k{kk foHkkx }kjk Lohd`r

jk"Vªh; 'kSf{kd vuqla/kku vkSj izf’k{k.k ifj"kn~] ubZ fnYYkh ds
lkStU; ls NÙkhlx<+ jkT; ds fufeÙk

©  jk"Vªh; 'kSf{kd vuqla/kku vkSj izf’k{k.k ifj"kn~] ubZ fnYyh

laLdj.k & 2018

vkoj.k i`"B lTtk
js[kjkt pkSjkxM+s

izdk’kd
jkT; 'kSf{kd vuqla/kku vkSj izf’k{k.k ifj"kn~ NÙkhlx<+

eqnzd

NŸkhlx<+ ikB~;iqLrd fuxe] jk;iqj

eqnz.kky;
-------------------------------------------------------------------------

eqfnzr iqLrdksa dh la[;k & ---------------

¼vkoj.k i`"B 220 th-,l-,e- ,oa vkarfjd i`"B 80 th-,l-,e- dkxt ij eqfnzr ½
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izkDdFku

jk"Vªh; f’k{kk uhfr esa ;g Li"V :i ls mYysf[kr gS] volj dh vlekurk dks de
djukA f’k{kk dks jk"Vªh; vko’;drkvksa ds vuq:i cukukA ekStwnk vk/kkjHkwr lqfo/kkvksa dk
csgrj mi;ksx djukA f’k{kk dk Lrj lq/kkjuk rFkk f’k{kk esa foKku ,oa izkS|ksfxdh dks egRo
nsukA bUgha vk/kkjHkwr rRoksa dks /;ku eas j[krs gq, f’k{kkfonksa us gj {ks= esa tufgr ds fy, f’k{kk
gsrq ikB~;Øe rS;kj djus dh dksf’k’k dh gS ftls gj izkar ¼jkT;½ esa ykxw djds gh ge vius
ns’k esa viuh Hkkoh ih<+h ds fy, vkSj muds ykHk ds fy, ,d gh izdkj dh f’k{kk iznku dj
ldrs gSa vkSj mudks ,d gh izdkj dh f’k{kk nsdj mudk vkil esa eqdkcyk djok ds muls
vius ns’k] vius jkT; ds izfr ,d ldkjkRed lksp mRiUu dj f’k{kk dk LoIu lkdkj dj
ldrs gSaA bUgha ckrksa dks /;ku esa j[krs gq, ,u-lh-bZ-vkj-Vh- dh ikB~;iqLrdksa dks NÙkhlx<+
'kklu] Ldwy f’k{kk foHkkx ds fu.kZ;kuqlkj vizSy 2018 ls jkT; dh mPprj ek/;fed d{kk
ckjgoha gsrq ykxw fd;k x;k gSA

fofo/krk esa ,drk bl ns’k dh ijEijk jgh gSA bl ijEijk dks dk;e j[krs gq, f’k{kk
ds Lrj dks mBkus ds fy, rFkk vU; ns’kkas ds lkFk fodkl ds vk;ke iwjs djus ds fy, NÙkhlx<+
jkT; esa vè;;ujr mPprj ek/;fed f’k{kk ds xq.koÙkkiw.kZ fodkl ds fy, izkjafHkd f’k{kk ,oa
lk{kjrk foHkkx] ekuo lalk/ku fodkl ea=ky; rFkk Hkkjr ljdkj }kjk le;&le; ij jkT;ksa
dks ,d gh jk"Vªh; Lrj ij ikB~;Øe Lohd̀r djus o ,u-lh-bZ-vkj-Vh- dh iqLrdksa dks izns’k
esa ykxw djus ds fy, dgk tkrk jgk gSA mYys[kuh; gS fd 2017 ls jk"Vªh; Lrj ij esfMdy
izos’k ijh{kk dk gksuk blh ckr dk ifjpk;d gSA Hkfo"; esa rduhdh ijh{kkvksa ds fy, Hkh ,slk
lkspk tk ldrk gSA iqu’p d{kk 12 oha ds ckn gksus okyh vf/kdrj izfr;ksxh ijh{kkvksa dk
vk;kstu lh-ch-,l-bZ- }kjk fd;k tkrk gS rFkk lh-ch-,l-bZ- }kjk yh tkus okyh ijh{kkvksa esa
,u-lh-bZ-vkj-Vh- dh fdrkcksa ls gh iz’u iwNs tkrs gSaA vr% jk"Vªh; Lrj ij yh tkus okyh
ijh{kkvksa dh rS;kjh ds fy, ,d tSlh lkexzh dk gksuk vko’;d gSA

bl u, ikB~;Øe ds vkyksd esa ,u-lh-bZ-vkj-Vh-] ubZ fnYyh }kjk fodflr dyk]
foKku ,oa okf.kT; fo"k;d ikB~;iqLrdsa] ftls NÙkhlx<+ ikB~;iqqLrd fuxe }kjk uohu
vkoj.k i"̀B dh fMtkbfuax dj eqfnzr fd;k x;k gS] dks NÙkhlx<+ jkT; esa IkkB~;iqLrd ds #i
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esa Lohdkj fd;k x;k gSA d{kk ckjgoha esa v/;;ujr Nk=ksa ds fy, Lohd`r ,u-lh-bZ-vkj-Vh-
dh ;s iqLrdsa NŸkhlx<+ jkT; dh orZeku ,oa Hkkoh ih<+h ds fy, Kkuksi;ksxh fl) gkasxhA
,u-lh-bZ-vkj-Vh- ds funs’kd rFkk izdk’ku foHkkx ds izfr ge vkHkkjh gSa ftUgksaus NÙkhlx<+ jkT;
ds fy, ,u-lh-bZ-vkj-Vh-] ubZ fnYyh }kjk l`ftr ikB~;iqLrdkssa ds fy, Rofjr Lohd̀fr o cgqewY;
ekxZ funsZ’ku nsdj iqLrd dh xq.koÙkk fodkl o lq/kkj gsrq vko’;d lq>ko ,oa lg;ksx iznku
fd;k gSA

gesa vk’kk gh ugha] iw.kZ fo’okl gS fd ;g iqLrd] Kkuo/kZd] Kkuksi;ksxh ,oa miyfCèk
Lrj dh o`f) esa lgk;d fl) gksxh] ;|fi lao/kZu ,oa ifj"dj.k dh lEHkkouk,¡ lnSo Hkfo";
ds fy, lafpr jgrh gSa] fQj Hkh izdk’ku ,oa eqnz.k esa fujUrj vfHko`f) djus ds izfr fu"Bk ,oa
leiZ.k ds lkFk jkT; 'kSf{kd vuqla/kku vkSj izf’k{k.k ifj"kn~] NŸkhlx<+ ds Nk=ksa] vfHkHkkodksa]
f’k{kdksa ,oa f’k{kkfonksa dh fVIif.k;ksa rFkk cgqewY; lq>koksa dk lnSo Lokxr djsxk ftlls
NÙkhlx<+ jkT; dks ns’k ds f’k{kk txr esa mPpre yC/kizfrf"Br gksus esa gekjk y?kq iz;kl
lgk;d fl) gks ldsA leLr Nk=&Nk=kvksa dh mTToy Hkfo"; dh 'kqHkdkeukvksa ds lkFk---

Lk apkyd
jkT;‘'kSf{kd vuqla/kku vkSj izf’k{k.k ifj"kn~

NÙkhlx<+] jk;iqj
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There is no permanent place in the world for ugly mathematics ... . It may
be very hard to define mathematical beauty but that is just as true of

beauty of any kind, we may not know quite what we mean by a
beautiful poem, but that does not prevent us from recognising

one when we read it. — G. H. Hardy 

1.1  (Introduction)

XI 

Relation

Recognisable A, 
XII   B 
XI A

B

(i) {(a, b)  A × B: a, b },

(ii) {(a, b)  A × B: a, b },

(iii) {(a, b)  A × B: a b },

(iv) {(a, b)  A × B:  a b 
},

(v) {(a, b)  A × B: a b }.

A B R Abstracting
A × B Arbitrary

1

Lejeune Dirichlet
(1805-1859)

(Relations and Functions)
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 (a, b)  R, R   a, b  
a R b (a, b) R, 
a b XI 

composition
Invertible

1.2  (Types of Relations)

A
A × A  A × A 

A × A   R = {(a, b): a – b = 10}
A = {1, 2, 3, 4} R 

pair a – b = 10
R = {(a, b) : | a – b |  0} A × A A × A 
(a, b), | a – b |  0 

 1 A R A 
A R =  A × A.

  2   A R, (universal)
A  A R = A × A.

trivial

 1 A 
R = {(a, b) : a, b  } R = {(a, b) :

a b   } 

R =  R 

R = A × A 

 XI 

{1, 2, 3, 4}  R = {(a, b) : b = a + 1} a R b 
b = a + 1 (notation)
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        3

 (a, b)  R, a,b a R b 

significant

Equivalence Relation

Reflexive Symmetric

Transitive

 3 A R;

(i) (reflexive) a
 
 A  (a, a)  R,

(ii) (symmetric) a
1
, a

2
  A  (a

1
, a

2
)  R 

(a
2
, a

1
)

 
 R 

(iii) (transitive) , a
1
, a

2
a

3
 A (a

1
, a

2
)  R 

(a
2
, a

3
)

 
 R  (a

1
, a

3
)

 
 R 

 4 A R R 

 2 T 

T   R = {(T
1
, T

2
) : T

1
, T

2
} R

 R 

(T
1
, T

2
)  R  T

1
 , T

2
  T

2
 , T

1
   (T

2
, T

1
)  R.  

R  (T
1
, T

2
), (T

2
, T

3
)  R  T

1
 , T

2
  

T
2
, T

3 
 T

1
, T

3
 
 

 (T
1
, T

3
)  R. R 

 R 

 3 L 

R = {(L
1
, L

2
) : L

1
, L

2 
} L R

R L
1
 

(L
1
, L

1
)  R R (L

1
, L

2
)  R

 L
1
,  L

2 

 L
2
 , L

1
 

 (L
2
, L

1
)  R

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



4        

R L
1
, L

2
 L

2
 ,

L
3 

  L
1
 , L

3 

L
1
 , L

3 
(L

1
, L

2
)  R,

(L
2
, L

3
)  R (L

1
, L

3
)  R

 4 {1, 2, 3} R = {(1, 1), (2, 2),

(3, 3), (1, 2), (2, 3)} 

 R (1, 1), (2, 2) (3, 3), R R 

(1, 2)  R (2, 1)  R. R (1, 2)  R (2, 3)R

(1, 3)  R

 5 Z R = {(a, b) : 2, (a – b) 

} 

  R a Z (a – a) 

(a, a)  R. (a, b)  R, a – b b – a 

(b, a)  R, R 

(a, b)  R  (b, c)  R,  a – b  b – c 

a – c = (a – b) + (b – c) (even) (a – c) 

 R Z R 

(0, ± 2),

(0, ± 4), R (0, ± 1),

(0, ± 3),  R 

E 

O Z 

(i) E O 

(ii) E O O

E

(iii) E  O Z = E O 

E, (contain) (Equivalence Class)

[0] O, 

[1] [0]  [1], [0] = [2r] 
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[1]= [2r + 1], r  Z. X 
R X 

(arbitrary) R, X A
i
 

X Partition

(i) i A
i
 

(ii) A
i
 A

j
 i  j

(iii)  A
j
 = X A

i
  A

j
 = , i  j

A
i
 

Z Z 
A

1
, A

2
 A

3
 Union Z 

A
1
 = {x  Z : x  } = {..., – 6, – 3, 0, 3, 6, ...}

A
2
 = {x  Z : x – 1  } = {..., – 5, – 2, 1, 4, 7, ...}

A
3
 = {x  Z : x – 2  } = {..., – 4, – 1, 2, 5, 8, ...}

Z R = {(a, b) : 3, a – b } 
R 

A
1
, Z A

2
, Z  

A
3
 , Z 

A
1
 = [0], A

2
 = [1] A

3
 = [2]. A

1
 = [3r],

A
2
 = [3r + 1] A

3
 = [3r + 2], r  Z.

 6 A = {1, 2, 3, 4, 5, 6, 7}  R = {(a, b) : a b 
}  R 

{1, 3, 5, 7} 
{2, 4, 6} {1, 3, 5,7} 

{2, 4, 6} 

 A a (a, a)  R
(a, b)  R  a  b  (b, a)  R
(a, b)  R (b, c)  R  a, b, c,  (a, c)  R.

R {1, 3, 5, 7} 
{2, 4, 6,}

{1, 3, 5, 7} 
{2, 4, 6} {1, 3, 5, 7} 

 {2, 4, 6}, 
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1.

(i) A = {1, 2, 3, ..., 13, 14}  R, 

R = {(x, y) : 3x – y = 0}

(ii) N  R = {(x, y) : y = x + 5  x < 4}

R.

(iii) A = {1, 2, 3, 4, 5, 6} R = {(x, y) : y  x }  R

(iv) Z R = {(x, y) : x – y } 

R

(v)

R

(a)  R = {(x, y) : x  y }

(b)  R = {(x, y) : x  y }

(c)  R = {(x, y) : x, y }

(d)  R = {(x, y) : x , y }

(e)  R = {(x, y) : x, y }

2. R R = {(a, b) : a  b2}, 

R

3. {1, 2, 3, 4, 5, 6} R = {(a, b) : b = a + 1} 

R

4.  R  R = {(a, b) : a  b}, R

5.  R  R = {(a, b) : a  b3} 

6. {1, 2, 3} R = {(1, 2), (2, 1)} R

7. A 

R = {(x, y) : x y } R
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8. A = {1, 2, 3, 4, 5} R = {(a, b) : |a – b| } 

R {1, 3, 5} 

{2, 4} {1, 3, 5} 

{2, 4} 

9. A = {x  Z : 0  x  12}, R

(i) R = {(a, b) : |a – b|, 4 },

(ii) R = {(a, b) : a = b},

10.

(i)

(ii) .

(iii)

(iv)

(v)

11. R = {(P, Q) : P 

Q } R 

P  (0, 0)  P

12.  A  R = {(T
1
, T

2
) : T

1
, T

2  
}

 R T
1 

T
2
 

T
3 

T
1
, T

2
  T

3
 

 13.  A , R = {(P
1
, P

2
) : P

1
 P

2
 

} R 

A

14.  XY- L L R = {(L
1
,L

2
)

: L
1
 L

2 
} R R 

y = 2x + 4 
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15.  {1, 2, 3, 4} R = {(1, 2), (2, 2), (1, 1), (4,4),

(1, 3), (3, 3), (3, 2)} R

(A) R 

(B) R 

(C) R 

(D) R 

16. N R = {(a, b) : a = b – 2, b > 6} R 

(A) (2, 4)  R (B) (3, 8)  R (C) (6, 8)  R (D) (8, 7)  R

1.3  (Types of Functions)

XI 

(Disciplines)

 f
1
, f

2
, f

3
 f

4
 

1.2 X
1 

(distinct) f
1
 

f
2
 

b X
2
 e f f

1  
X

1
 

f
3 

X
3 
 
 

X
1 

 5 f : X  Y (one-one) (injective)

f X  

 x
1
, x

2
  X,   f (x

1
) = f (x

2
)   x

1
 = x

2
,
 
  f   

(many-one)

(i) f
1  

(ii) f
2  
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 6 f : X  Y (onto) (surjective)
f  Y X  
y  Y, X x f (x) = y.

iii f
3
 i f

1
 

X
2
 e,  f,  f

1
 X

1
 

 f : X  Y  f  range = Y.

 7 f : X  Y (one-one and onto)
(bijective) f

iv f
4
 

7 X A
f : A  N f (x) = x 
f

 f 

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



10        

N 
f   A f 

8 f (x) = 2x f : N  N, 

 f   f (x
1
) = f (x

2
)  2x

1
 = 2x

2
  x

1
 = x

2
. ,  f   

1  N, N x f (x) = 2x = 1 

 9  f (x) = 2x   f : R  R, 

 f f (x
1
) = f (x

2
)  2x

1
 = 2x

2
  x

1
 = x

2
R 

 y R 
2

y
 f (

2

y
) = 2 . (

2

y
) = y  f

 10  f (1) = f (2) = 1 x > 2  f (x) = x – 1 

f : N  N, 

 f f (1) = f (2) = 1,  f  

y  N, y  1,  x  y + 1    f  (y+ 1) = y + 1 – 1 = y

1  N f  (1) = 1 

 11   f (x) = x2  f : R  R, 
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f (– 1) = 1 = f (1),  f 

R R 

x 

f 

 12  

f : N  N, 

1,
( )

1,

x x
f x

x x

   f (x
1
) = f (x

2
)  x

1
 x

2
 x

1
 + 1

= x
2
 – 1, x

2
 – x

1
 = 2 x

1
 x

2
 

x
1
 x

2
 x

1

x
2
 f (x

1
) = f (x

2
)  x

1
 + 1 = x

2
 + 1  x

1
 = x

2
. x

1
 

x
2
 f (x

1
) = f (x

2
)  x

1
 – 1 = x

2
 – 1  x

1
 = x

2
 f  

N 2r + 1, N 2r + 2 

N 2r,  N 2r – 1 f 

 13 f : {1, 2, 3}  {1, 2, 3} 

 f 

f 

{1, 2, 3} 

 f  f  

 14  f : {1, 2, 3}  {1, 2, 3}

 f {1, 2, 3} f  {1, 2, 3}  

 f  

  (finite) X, 

f : X  X  

  X   f : X  X 
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(Infinite)

(characteristic)

1. f (x) = 
1

x
  f : R  R 

R R N 

R

2. Injective Surjective

(i) f (x) = x2        f : N  N 

(ii) f (x) = x2        f : Z  Z 

(iii) f (x) = x2        f : R  R 

(iv) f (x) = x3        f : N  N 

(v) f (x) = x3        f : Z  Z 

3.  f (x) = [x]   f : R  R, 

[x], x  

4. f (x) = | x |  f : R  R, 

| x |  x, x | x | – x, 

x 

5.  f : R  R,

1, 0

( ) 0, 0

–1, 0,

x

f x x

x

6.  A = {1, 2, 3}, B = {4, 5, 6, 7}  f = {(1, 4), (2, 5), (3, 6)} A  B

f 
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7.

(bijective)

(i) f (x) = 3 – 4x  f : R  R 

(ii) f (x) = 1 + x2  f : R  R 

8.  A B f : A × B  B × A, 

f (a, b) = (b, a) (bijective)

9. n  N  f (n) = 

1
,

2

,
2

n
n

n
n

 f : N  N f

(bijective)

10.  A = R – {3}  B = R – {1} f (x) = 
2

3

x

x

 
 

 
f : A  B f 

11.  f : R  R ,  f(x) = x4 

(A) f        (B) f 

(C) f  (D) f 

12. f (x) = 3x   f : R  R 

(A) f  (B) f 

(C) f (D) f 

1.4  (Composition of Functions and
Invertible Function)

(bijective)

(Inverse) X 

 A 

(deface)
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(Fake Code Number)

B  N C N

f : A  B   g : B  C f (a) = a

g (b) = b 

f 

g 

 8 f : A  B g : B  C f g 

gof gof : A  C, gof (x) = g (f (x)),   x  A  

 15 f : {2, 3, 4, 5}  {3, 4, 5, 9} g : {3, 4, 5, 9}  {7, 11, 15}
f (2) = 3, f (3) = 4, f (4) =  f (5) = 5 g (3) = g (4) = 7 

g (5) =  g (9) = 11,  gof 

 gof (2) =  g (f (2)) = g (3) = 7, gof (3) =  g (f (3)) = g (4) = 7, gof (4) =  g (f (4))
= g (5) = 11 gof (5) =  g (5) = 11.

16 f : R  R  g : R  R f (x) = cos x g (x) = 3x2 

gof fog gof   fog.

gof (x) =  g (f (x)) = g (cos x) = 3 (cos x)2 = 3 cos2 x. , fog (x) =
f (g (x)) =  f (3x2) = cos (3x2) x = 0 3cos2 x  cos 3x2

gof  fog.

17 
3 4

( )
5 7

x
f x

x





 

7 3
:

5 5
f

        
   

R R

7 4
( )

5 3

x
g x

x





  

3 7
:

5 5
g

        
   

R R   
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fog = I
A 

gof = I
B
, I

A
 (x) = x,  x A  I

B
 (x) = x,  x B,  

A = R – 
3

5
 
 
 

, B = R – 
7

5
 
 
 

  I
A  

I
B 

A  B (Identity)

 

(3 4)
7 4

(5 7)3 4
( )

(3 4)5 7
5 3

(5 7)

x
xx

gof x g
xx
x

               

 = 
21 28 20 28 41

15 20 15 21 41

x x x
x

x x

  
 

  

 

(7 4)
3 4

(5 3)7 4
( )

(7 4)5 3
5 7

(5 3)

x
xx

fog x f
xx
x

               

 = 
21 12 20 12 41

35 20 35 21 41

x x x
x

x x

  
 

  

 gof (x) = x,  x  B  fog (x) = x,  x  A, 

gof = I
B
 fog = I

A
.

 18 f : A  B g : B  C gof : A  C

gof (x
1
) = gof (x

2
)

 g (f (x
1
)) = g(f (x

2
))

 f (x
1
) = f (x

2
),  g 

 x
1
 = x

2
,  f 

 gof  

 19  f : A  B  g : B  C gof : A C

 z  C  g z 

(Pre-image) y  B g (y) = z, g 

y  B A  x f (x) = y, f 

gof (x) = g (f (x)) = g (y) = z,  gof 
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 20  f g gof 

f g 

 f : {1, 2, 3, 4}  {1, 2, 3, 4, 5, 6} f (x) = x,  x g (x) = x,

x = 1, 2, 3, 4 g (5) = g (6) = 5 g : {1, 2, 3, 4, 5, 6}  {1, 2, 3, 4, 5, 6} 

gof : {1, 2, 3, 4}  {1, 2, 3, 4, 5, 6}  gof (x) = x,  x,

 gof g 

 21 gof   f g ?

   f : {1, 2, 3, 4}  {1, 2, 3, 4}  g : {1, 2, 3, 4}  {1, 2, 3} 

 f (1) = 1, f (2) = 2,  f (3) = f (4) = 3, g (1) = 1, g (2) = 2  g (3) = g (4) = 3. 

 gof  f

 gof  

f gof g 

f g 

X f

g 

g 

f  

f 

g, gof, f g  

gof, g f 

22  f : {1, 2, 3}  {a, b, c} 

f (1) = a, f (2) = b f (3) = c, g : {a, b, c}  {1, 2, 3}

gof = I
X
 fog = I

Y
, X =  {1, 2, 3} 

Y = {a, b, c}

 g : {a, b, c}  {1, 2, 3} g (a) = 1, g (b) = 2 g (c) = 3, 

gof = I
X
 , X 

fog = I
Y
 , Y 
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f : X  Y 

converse f : X  Y 

g : Y  X gof = I
X
 fog = I

Y
, f 

 9 f : X  Y (Invertible)

g : Y  X gof = I
X
 fog = I

Y
g f  

(Inverse) f –1 

  f f 

f f f  

f 

 23 f : N  Y,  f (x) = 4x + 3, 

Y = {y  N : y = 4x + 3 x  N } f  

 Y y Y, N  

x y = 4x + 3 
( 3)

4

y
x


 ( 3)

( )
4

y
g y


  

g : Y  N  gof (x) = g (f (x)) = g (4x + 3) = 
(4 3 3)

4

x
x

 


 fog (y) = f (g (y)) = f
( 3) 4 ( 3)

3
4 4

y y     
 

 = y – 3 + 3 = y

gof = I
N
 fog = I

Y
, f g 

f 

 24  Y = {n2 : n  N}  N   f : N   Y  f (n) = n2

 f f

  Y y, n2  n  N .  n = y

g (y) = y g : Y  N  

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



18        

gof (n) = g (n2) = 2n = n fog (y) =    2
f y y y  , 

gof = I
N
 fog = I

Y
 f f –1 = g.

 25  f : N   R ,  f (x) = 4x2 + 12x + 15 

f : N S, S, f f 

 f y y = 4x2 + 12x + 15, 

x  N  y = (2x + 3)2 + 6. 
  6 3

2

y
x

 
 .

g : S  N ,  g (y) = 
  6 3

2

y  
 

gof (x) = g (f (x)) = g (4x2 + 12x + 15) = g ((2x + 3)2 + 6))

=
   2(2 3) 6 6 3 2 3 3

2 2

x x
x

     
 

fog (y) =
      2

6 3 2 6 3
3 6

2 2

y y
f
              
   

=     
2 2

6 3 3 6 6 6y y        = y – 6 + 6 = y.

      gof = I
N
 fog =I

S
 f f –1 = g 

 26 f : N  N, g : N  N h : N  R 

f (x) = 2x, g (y) = 3y + 4 h (z) = sin z,  x, y z  N

ho(gof) = (hog) of.

 

   ho(gof) (x) = h(gof (x)) = h(g (f (x))) = h (g (2x))

= h(3(2x) + 4) = h(6x + 4) = sin (6x + 4), x N

((hog) o f ) (x) = (hog) ( f (x)) = (hog) (2x) = h ( g (2x))

= h(3(2x) + 4) = h(6x + 4) = sin (6x + 4),  x  N
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ho(gof) = (hog) o f

 1 f : X  Y, g : Y  Z  h : Z  S 

ho(gof) = (hog) o f

 

ho(gof) (x) = h(gof (x)) = h(g (f (x))),  x in X

(hog) of (x) = hog(f (x)) = h(g(f (x))),  x in X

ho(gof) = (hog) o f

 27  f : {1, 2, 3}  {a, b, c}  g : {a, b, c} { }  f (1) = a,

f (2) = b, f (3) = c, g(a) = , g(b) =  g(c) = 
f, g gof f –1, g–1 (gof)–1 

 (gof) –1 = f –1og–1 

 f g 

f –1: {a, b, c}  (1, 2, 3}  g–1 : { }  {a, b, c} 
f –1{a} = 1, f –1{b} = 2,  f –1{c} = 3,  g –1{ } = a,  g –1{ } = b g –1{ } = c.

 f –1o f  = I
{1, 2, 3}

, f o f –1 = I
{a, b, c}

, g –1og = I
{a, b, c}

 

g o g–1 = I
D
,  D = { , , }  ,  gof : {1, 2, 3}  { , , }

gof (1) = , gof (2) = , gof (3) = 

(gof)–1 : { }  {1, 2, 3} (gof)–1 ( ) = 1,
 
(gof)–1 ( ) = 2

 (go f)–1 ( ) = 3 

(g o f)–1 o (g o f) = I
{1, 2, 3}

 (g o f) o (g o f)–1 = I
D
 

f, g gof  

f –1og–1 ( ) = f –1(g–1( )) = f –1(a) = 1 = (gof)–1 ( )

f –1og–1 ( ) = f –1(g–1( )) = f –1(b) = 2 = (gof)–1 ( ) 

f –1og–1 ( ) = f –1(g–1( )) = f –1(c) = 3 = (gof)–1 ( )

                  (gof)–1 = f –1og–1

 2 f : X  Y  g : Y  Z gof  

(gof)–1 = f –1og–1

 gof (gof)–1 = f –1og–1, 

 ( f –1og–1)o(gof) = I
X
 (gof)o( f –1og–1) = I

Z
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(f –1og–1)o(gof) = ((f –1og–1) og) of, 1 

= (f –1o(g–1og)) of, 1 

= (f –1 oI
Y
) of,  g–1 

= I
X

(gof ) (f –1 og –1) = I
Z

28  S = {1, 2, 3}  

f : S  S f –1, 

(a) f  = {(1, 1), (2, 2), (3, 3)}

(b) f = {(1, 2), (2, 1), (3, 1)}

(c) f = {(1, 3), (3, 2), (2, 1)}

(a)  f  f  

f   f –1 = {(1, 1), (2, 2), (3, 3)} = f 

(b)   f (2) = f (3) = 1,  f f  

(c)   f  f  

  f –1 = {(3, 1), (2, 3), (1, 2)}

1.  f : {1, 3, 4}  {1, 2, 5} g : {1, 2, 5}  {1, 3},

f = {(1, 2), (3, 5), (4, 1)}  g = {(1, 3), (2, 3), (5, 1)}  gof 

2.   f, g h, R R 

(f + g) oh = foh + goh

(f . g) oh = (foh) . (goh)

3. gof fog 

(i) f (x) = | x |  g(x) = | 5x – 2 |

(ii) f (x) = 8x3 g(x) = 
1

3x
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4.   f (x) = 
(4 3)

(6 4)

x

x


 , 

2

3
x  , 

2

3
x   fof (x) = x 

f  ?

5.

(i) f : {1, 2, 3, 4}  {10} 

f  = {(1, 10), (2, 10), (3, 10), (4, 10)}

(ii) g : {5, 6, 7, 8}  {1, 2, 3, 4} 

g = {(5, 4), (6, 3), (7, 4), (8, 2)}

(iii) h : {2, 3, 4, 5}  {7, 9, 11, 13} 

h = {(2, 7), (3, 9), (4, 11), (5, 13)}

6.  f : [–1, 1]  R,  f (x) = 
( 2)

x

x  , 

f : [–1, 1]  ( f  

(  y   f,  [–1, 1]   x  y = f (x) = 
2

x

x 
, 

x = 
2

(1 )

y

y
)

7. f (x) = 4x + 3   f : R  R   f

 f 

8. f (x) = x2 + 4   f : R
+
  [4, )  f

f  f –1 , f –1(y)  = 4y  , R
+

9. f (x) = 9x2 + 6x – 5  f : R
+
  [– 5, ) 

 f f –1(y) = 
 6 1

3

y  
 
 

 

10.  f : X  Y  f 
unique f g

1

g
2
 y  Y fog

1
(y) = 1

Y
(y) = fog

2
(y) f  

)
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11. f : {1, 2, 3}  {a, b, c}, f (1) = a, f (2) = b  f (3) = c. f  

f –1 (f –1)–1 = f 

12.  f : X  Y  f –1 

f,   (f –1)–1 = f 

13. f : R  R, f (x) = 
1

3 3(3 )x ,  fof (x) 

(A)
1

3x (B) x3 (C) x          (D)  (3 – x3)

14. f (x) = 
4

3 4

x

x 
   f : R – 

4

3
  
 

  R f 

(Map) g : f  R – 
4

3
  
 

, 

(A)
3

( )
3 4

y
g y

y


 (B)
4

( )
4 3

y
g y

y




(C)
4

( )
3 4

y
g y

y


 (D)
3

( )
4 3

y
g y

y




1.5  (Binary Operations)

a b, 

a + b a – b ab 
a

b
, b  0 (Associate)

X

X a  b X 
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 10 A   : A × A  A 

(a, b) a  b 

 29  R R 

R

+ : R × R  R , (a, b)  a + b 

– : R × R  R,  (a, b)  a – b 

× : R × R  R,  (a, b)  ab 

 ‘+’, ‘–’  ‘×’ R 

       : R × R  R, (a, b)  
a

b
, b = 0 

a

b

   : R × R  R,  (a, b)  
a

b
   

R  

 30   N 

  – : N × N  N, (a, b)  a – b,  ‘–’

 3 – 5 = – 2  N.   N × N  N, (a, b)  
a

b

 (3  ̧5)   3  5=
3

5
 N.

  31  : R × R  R, (a, b)  a + 4b2 

    (a, b) R a + 4b2 

R 

  32 P, X 
 : P × P  P, (A, B)  A  B  : P × P  P,

(A, B)  A  B P 

 Union Operation  P × P (A, B)   P 

 A B    P 
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(Intersection)  , P × P (A, B) P 

A  B  P 

  33 (a, b)   {a, b}     : R × R  R 

(a, b)  {a, b}    : R × R  R 

  ,  R × R  (a, b) R 

a b   

  

  (4, 7) = 7,  (4, – 7) = 4,  (4, 7) = 4   (4, – 7) = – 7 

A A 

 
A = {1, 2, 3} A 

     (1,
3) = 3,   (2, 3) = 3,   (1, 2) = 2.

1.1

i, j A 

i j

* : A ×  A  A A = {a
1
, a

2
, ..., a

n
}  

n  n (i, j)  a
i
  a

j 
n  n 

A = {a
1
, a

2
, ..., a

n
}, 

 : A × A  A 

a
i
  a

j
 = i  j

 3 4 order

3 + 4 = 4 + 3, 

3 – 4  4 – 3. 

 1 2 3

1 1 2 3

2 2 2 3

3 3 3 3
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 11 X  (Commutative)
a, b  X a  b = b  a 

 34 + : R × R  R × : R × R  R 
– : R × R  R  : R × R  R 

 a + b = b + a a × b = b × a,  a, b  R, ‘+’ ‘×’ 
 ‘–’ 3 – 4  4 – 3.

 3  4  4  3, ‘’ 

 35 a  b = a + 2b  : R × R  R 

 3  4 = 3 + 8 = 11 4  3 = 4 + 6 = 10,  
X  X 

a  b  c 
(a  b)  c a (b  c) 

 (8 – 5) – 2  8 – (5 – 2). 
Bracket

8 + 5 + 2 ( 8 + 5) + 2 
8 + (5 + 2) 

 12  : A × A  A Associative

(a  b)  c = a (b  c),  a, b, c,  A.

 36 R 
R  

 (a + b) + c = a + (b + c)  (a×b) × c = a × (b × c),

  a, b, c  R (8 – 5) – 3  8 – (5 – 3) 
(8  5)  3  8 (5  3).

 37 a  b  a + 2b  : R × R  R 

   

(8  5)  3 = (8 + 10)  3 = (8 + 10) + 6 = 24,

8 (5  3) = 8  (5 + 6) = 8  11 = 8 + 22 = 30.
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a
1
  a

2 
 ...  a

n
 

a
1
  a

2 
 ...  a

n
 (Ambiguous)

  

R (zero)

a + 0 = a = 0 + a,   a  R, , 

(Role)

a × 1 = a = 1 × a,   a  R 

 13  : A × A  A,  e  A, 

(Identity) a  e = a = e  a,   a  A  

 38 R 

– : R × R  R  : R × R  R 

 a + 0 = 0 + a = a a × 1 = a = 1 × a,  a  R 

‘+’ ‘×’, R e a – e =

e – a,  a  R R e 

a  e = e  a,  a  R  ‘–’ ‘’ 

 R N 

0  N N 

+ : R × R  R  a  R 

R – a a + (– a) = 0 (‘+’ ) = (– a) + a.

R a  R, a  0  R  
1

a
 

a × 
1

a
 = 1(‘×’ ) = 

1

a
× a  

 14 A e     : A × A  A 

a  A    A 

b  a  b = e = b  a  b a (Inverse)

a–1 
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 39 R ‘+’ – a   a R 

‘×’ a  0 
1

a

 a + (– a) = a – a = 0  (– a) + a = 0, – a a

a  0, a ×
1

a
= 1 = 

1

a
× a, 

1

a

a

 40 N '+'  a  N – a

N ‘×’ a  N,  a  1 
1

a

  – a  N,  N  a – a

 – a, a + (– a) = 0 = (– a) + a N a  1 

1

a
  N,  N N

R 

0 a  R,  a – a

1.   

 

(i) Z+ ,  a  b = a – b 

(ii) Z+ ,  a  b = ab 

(iii) R   a  b = ab2 

(iv) Z+ ,     a  b = | a – b | 

(v) Z+  , , a  b = a 

2.  
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(i) Z  ,  a  b = a – b 

(ii) Q  , a  b = ab + 1 

(iii) Q  ,  a  b = 
2

ab
 

(iv) Z+ ,  a  b = 2ab 

(v) Z+ , a  b = ab 

(vi) R – {– 1} , a  b = 
1

a

b 

3. {1, 2, 3, 4, 5} a   b =  {a, b} 

 

4. {1, 2, 3, 4, 5}

  

(i) (2  3)  4 2 (3  4) 

(ii)  

(iii) (2  3)  (4  5) 

(

5. {1, 2, 3, 4, 5}  , a  b = a b

HCF    

6. N   a  b = a b LCM  

(i) 5  7,   20  16 (ii)   ?

* 1 2 3 4 5

1 1 1 1 1 1

2 1 2 1 2 1

3 1 1 3 1 1

4 1 2 1 4 1

5 1 1 1 1 5
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(iii)   ? (iv) N  

(v) N  

7. {1, 2, 3, 4, 5} a  b = a  b LCM   

8.  N a  b = a b HCF  

   N 

9. Q   

(i) a  b = a – b (ii) a  b = a2 + b2

(iii) a  b = a + ab (iv) a  b = (a – b)2

(v) a  b = 
4

ba
(vi) a  b = ab2

10.

11.  A = N × N A (a, b)  (c, d) = (a + c, b + d) 

 A  

12.

(i) N  a  a = a,  a  N

(ii)   N  a  (b  c) = (c  b)  a

13. a  b = a3 + b3 N  

(A)  

(B)  

(C)  

(D)  

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



30        

 41  R
1

  R
2
 A R

1
  R

2
 

 R
1
 R

2
 (a, a)  R

1
, (a, a)  R

2
, a  A

(a, a)  R
1 
 R

2
, a, R

1 
 R

2
 

(a, b)  R
1 
 R

2
  (a, b)  R

1
 (a, b)  R

2
  (b, a)  R

1
 (b, a)  R

2
 

(b, a)  R
1
  R

2
, R

1 
 R

2
 (a, b)  R

1
  R

2
 (b, c)  R

1 
 R

2

 (a, c) R
1
 (a, c) R

2
  (a, c)  R

1 
 R

2
 R

1 
 R

2
 

R
1 
 R

2
 

 42  A  ordered pairs

R, (x, y) R (u, v),  xv = yu  

R  

  (x, y) R (x, y),  (x, y)  A,  xy = yx R

(x, y) R (u, v)  xv = yu  uy = vx  (u, v) R (x, y)   

R  (x, y) R (u, v)  (u, v) R (a, b)  xv = yu

ub = va  
a a

xv yu
u u
 

b a
xv yu

v u
   xb = ya  (x, y) R (a, b)

R   R  

 43 X = {1, 2, 3, 4, 5, 6, 7, 8, 9}  X 

R
1
 = {(x, y) : x – y } R

1
 R

2
 = {(x, y): {x, y}

 {1, 4, 7} {x, y} {2, 5, 8}  {(x, y} {3, 6, 9} X R
2

R
1
 = R

2

   {1, 4, 7}, {2, 5, 8} {3, 6, 9} 
characterstic

(x, y)  R
1
  x – y  {x, y}  {1, 4, 7}  {x, y}  {2, 5, 8}

 {x, y}  {3, 6, 9}  (x, y)  R
2

 R
1
  R

2
 {x, y}  R

2
  {x, y} 

{1, 4, 7}  {x, y}  {2, 5, 8}  {x, y}  {3, 6, 9}  x – y  {x, y}
 R

1
 R

2
  R

1
 R

1
 = R

2 

 44  f : X  Y X R = {(a, b): f (a) = f (b)} 

R R
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  a  X (a, a)  R, f (a) = f (a), R 

(a, b)  R  f (a) = f (b)  f (b) = f (a)  (b, a)  R  R 

(a, b)  R (b, c)  R  f (a) = f (b) f (b) = f (c)  f (a) = f (c) 
(a, c)  R, R R 

 45 R 

(a) a  b = 1,   a, b  R (b)  a  b = 
( )

2

a b
   a, b  R

(a)  a  b = b  a = 1,  a, b  R  (a  b)  c =

(1  c) =1 a  (b  c) = a  (1) = 1,   a, b, c  R R 

(b) a  b = 
2 2

a b b a 
  = b  a,   a, b  R,  

(a  b)  c =
2

a b 
 
 

 c.

=
22

2 4

a b
c

a b c
        .

a  (b  c) =
2

b c
a

 
  
 

=
2 22

2 4 4

b c
a a b c a b c


    

   

  

 46 A = {1, 2, 3} 

 {1, 2, 3} 1, 2, 3 

{1, 2, 3} Maps

3! = 6 

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



32        

  47 A = {1, 2, 3} 

 {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1, 3)}, (1, 2)  (2, 3)  
R

1
 R

1
 

R
2 

, R
1

(3, 2) R
3 

R
1

(2, 1), (3, 2) (3, 1)

  48 {1, 2, 3}  (1, 2) (2, 1) 

(1, 2)  (2, 1) R
1
, {(1, 1),  (2, 2),

(3, 3), (1, 2), (2, 1)} (2, 3), (3, 2), (1, 3)  (3, 1) 
  R

1 

R
1
 

 49  {1, 2} 

 {1, 2}  {1, 2} × {1, 2} {1, 2} 
{(1, 1), (1, 2), (2, 1), (2, 2)}  {1, 2} 

,  (1, 2) = 2, (2, 1) = 2 (2, 2)
(2, 2) 

  50 I
N
 : N  N  I

N
 (x) = x,  x  N 

I
N
 

I
N
 + I

N
 : N  N 

(I
N
 + I

N
) (x) = I

N
 (x) + I

N
 (x) = x + x = 2x

 I
N
 I

N
 + I

N
 N 

N x 
(I

N
 + I

N
) (x) = 2x = 3 
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 51 f (x) = sin x f : 0,
2

   
R g(x) = cos x 

g : 0,
2

   
R f g f + g 

 0,
2

 
  

, x
1
 x

2
 sin x

1
  sin x

2
 

cos x
1
  cos x

2
 f g (f + g) (0) =

sin 0 + cos 0 = 1 (f + g)
2

 
 
 

 = sin cos 1
2 2

 
  f + g 

1.  f : R  R , f (x) = 10x + 7 

g : R  R g o f = f o g = 1
R
 

2.  f : W  W,  f (n) = n – 1, n f (n) = n + 1, n

f f 

W 

3.  f : R  R   f(x) = x2 – 3x + 2 f (f (x)) 

4. f : R  {x  R : – 1 < x < 1}  ( )
1 | |

x
f x

x



, x  R 

  

5.  f (x) = x3  f : R  R Injective

6.  f : N  Z g : Z  Z g o f

g 

( :  f (x) = x g (x) = |x | )

7.  f : N  N  g : N  N 

g o f  f  

( :  f (x) = x + 1  
1, 1

( )
1 , 1

x x
g x

x  
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8. X P(X) X 

P(X) R

P(X) A, B ARB, A  B R, P(X)

? 

9. X  : P(X) × P(X)  P(X)

A  B = A  B, A, B  P(X) P(X)

X (Power set)

X  P(X) X 

10. {1, 2, 3, ... , n} 

11.  S = {a, b, c} T = {1, 2, 3}  S  T  

F F–1 

(i) F = {(a, 3), (b, 2), (c, 1)} (ii) F = {(a, 2), (b, 1), (c, 1)}

12. a b = |a – b| a o b = a,  a, b  R  

 : R × R  R  o : R × R  R  

o

a, b, c  R a  (b o c) = (a  b) o (a  c)  [

 o Distributes ] o 

? 

13.  X  : P(X) × P(X)  P(X), 

A * B = (A – B)  (B – A), A, B  P(X)

  P(X) A 

 A–1 = A. ( : (A – )  ( – A) = A. (A – A)  (A – A) =

A  A = ).

14.   {0, 1, 2, 3, 4, 5} 

,         6

6,   6

a b a b
a b

a b a b

a 0 6 – a, a 
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15. A = {– 1, 0, 1, 2}, B = {– 4, – 2, 0, 2} f, g : A  B, 

f (x) = x2 – x, x  A 
1

( ) 2 1,
2

g x x    x  A   

f g ? ( : 
f : A B  g : A  B  f (a) = g(a)  a  A  

16. A = {1, 2, 3} 

(A) 1 (B) 2 (C) 3 (D) 4

17.  A = {1, 2, 3}  (1, 2) 

(A) 1 (B) 2 (C) 3 (D) 4

18.  f : R  R Signum

Function

1, 0

( ) 0, 0

1, 0

x

f x x

x


 
 

 g : R  R g (x) = [x], [x] x 
x fog  gof , [0, 1] (coincide) ?

19. {a, b} 

(A) 10 (B) 16 (C) 20 (D) 8

 X  R =   X × X R

 X  R = X × X R

 X   a  X (a, a)  R, 

 X  R,  (a, b)  R (b, a)  R

 X  R,  (a, b)  R (b, c)  R  (a, c)  R  a, b, c  X 

R
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 X R, 

 X  R  a  X   [a], X 

a 

  f : X  Y 

f (x
1
) = f (x

2
)  x

1
 = x

2
,   x

1
, x

2
  X

  f : X  Y 

y  Y,  x  X,  f (x) = y

  f : X  Y 

 f 

  f : A  B  g : B  C gof : A  C  gof (x)

= g(f (x)),  x  A  

   f : X  Y    g : Y  X,  gof = 1
X
 

fog = 1
Y
.

   f : X  Y  f 

 X f : X  X 

f  

Characterstic Property

 A   A × A A 

  e  X,  : X × X  X,  

a  e = a = e  a,  a  X

 e  X   : X × X  X,   

 b  X   a  b = e = b  a 

e  b, a 

a–1 

 X  a  b = b  a,  a, b  X

 X  (a  b)  c = a  (b  c),a, b, c  X
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R. Descartes ( 1596-1650 ) 

Descartes “Geometrie”

Hyperbola

(Parabola)  (Ellipse), x 

 xn James Gregory ( 1636-1675 “ Vera

Circuliet Hyperbolae Quadratura” ( 1667 ) 

G. W. Leibnitz (1646-1716 ) 

“Methodus tangentium inversa, seu  de functionibus” 

“Historia” (1714 )  Leibnitz 

‘x ’ 

John Bernoulli (1667-1748 ) 

Notation x ‘x ’ 

f, F, ,  ... Leonhard Euler

(1707-1783 ) 1734 “Analysis Infinitorium”

Joeph Louis Lagrange (1736-1813 ) 

“Theorie des functions analytiques” 

Analytic f (x), F(x), (x) 

x Lejeunne Dirichlet (1805-1859 ) 

Georg Cantor (1845-1918 )

Dirichlet 

Abstraction

——
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Mathematics, in general, is fundamentally the science of

self-evident things— FELIX KLEIN 

2.1  (Introduction)

f  
 f –1 (Inverse)

f  

XI 

(Restrictions)

(Properties)

(Calculus)
(Integrals)

(Engineering)

2.2   (Basic Concepts)

XI, 
sine  sin : R  [– 1, 1]

cosine  cos : R  [– 1, 1]

2

Arya Bhatta
 (476-550 A. D.)

(Inverse Trigonometric Functions)
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tangent  tan : R – { x : x = (2n + 1) 
2


,n Z}  R

cotangent  cot : R – { x : x = n, n  Z}  R

secant , sec : R – { x : x = (2n + 1) 
2


,n Z}  R – (– 1, 1)

cosecant  cosec : R – { x : x = n,  n Z}  R – (– 1, 1)

f : XY f (x) = y 

g : YX 
g (y) = x, x  X y = f (x), y  Y g = f  

g = f   g f f –1 

g g  f 

g–1 = (f –1)–1 = f 

(f –1 o f ) (x) = f –1 (f (x)) = f –1(y) = x

(f o f –1) (y) = f (f –1(y))  = f (x) = y

sine 

[–1, 1] ,
2 2

  
  

 

[– 1, 1] sine 

3 –
,

2 2
, ,

2 2

  
  

, 
3

,
2 2

  
  

[–1, 1]

sine

sin–1 (arc sine function) sin–1 

[– 1, 1] 
3

,
2 2

   
  

, ,
2 2

  
  

  
3

,
2 2

  
  

sin–1 (Branch) ,
2 2

  
  

 

sin–1 

sin–1 [–1, 1] 

,
2 2

  
  

 sin–1 : [–1, 1]  ,
2 2
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sin (sin–1 x) = x , 

– 1  x 1  sin–1 (sin x) = x 
2 2

x
 

    y = sin–1 x  

sin y = x 

(i) 1 y = f (x) x = f –1 (y)
sin x y 

sin–1 (a, b), sin 
(b, a), sin 

 (i)

 (iii) (ii)
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y = sin–1 x  y = sin x x y 
y = sin x y = sin–1 x 

2.1 (i), (ii),  y = sin–1 x 

(ii) y = x (Along)
(Mirror Image)

(Reflection) y = sin x 
y = sin–1 x (Same axes)

( 2.1 (iii))

sine cosine 

[–1, 1] cosine 

[0, ] [–1, 1] 

cosine [– , 0],  [0,], [, 2] 

[–1, 1] Bijective

cosine cosine 

cos–1 (arc cosine function) 

 cos–1 [–1, 1]  [–, 0],

[0, ], [, 2]  

cos–1  

[0, ] 

cos–1 : [–1, 1]  [0, ]

y = cos–1 x 

 y = sin–1 x 

y = cos x y = cos–1 x 2.2 (i) (ii)

 (ii) (i)
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 cosec–1x sec–1x 

cosec x = 
1

sin x
, cosec {x : x  R x  n,

n  Z} {y : y  R, y  1 y  –1}, 
R – (–1, 1) y = cosec x, –1 < y < 1 

 (Integral)

cosec ,
2 2

    
– {0}, 

R – (– 1, 1). cosec 

3
, { }

2 2

       
, ,

2 2

  
  

 – {0}, 
3

, { }
2 2

      
 

R – (–1, 1) 
cosec–1 R – (–1, 1) 

, {0}
2 2

     
,

3
, { }

2 2

       
, 

3
, { }

2 2

      

, {0}
2 2

     
cosec–1 

 (i)  (ii)
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cosec–1  : R – (–1, 1)  , {0}
2 2

     

y = cosec x y = cosec–1 x (i), (ii) 

sec x = 
1

cos x
, y = sec x R – {x : x = (2n + 1) 

2


, n  Z}

R – (–1, 1) sec (secant) 

–1 < y < 1 (Assumes)

2


 secant 

[0, ] – { 
2


}, 

R – (–1, 1) secant [–, 0] – {
2


}, [0, ] –

2

   
 

,

[, 2] – {
3

2


} 

R–  (–1, 1) sec–1 

(–1, 1) [– , 0] – {
2


}, [0, ] – {

2


},

[, 2] – {
3

2


} 

sec–1 [0, ] – {
2


} 

sec–1 

sec–1 : R – (–1,1)  [0, ] – {
2


}

y = sec x  y = sec–1 x 2.4 (i), (ii) 

tan–1 cot–1 

tan (tangent ) {x : x  R 

x  (2n +1)
2


, n  Z} R tan 

2
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tangent ,
2 2

  
 
 

 

R 

tangent 
3

,
2 2

   
 
 

, ,
2 2

  
 
 

, 
3

,
2 2

  
 
 

 

R tan–1 

R 
3

,
2 2

   
 
 

,

,
2 2

  
 
 

, 
3

,
2 2

  
 
 

 tan–1 

,
2 2

  
 
 

 tan–1 

tan–1 : R  ,
2 2

  
 
 

 (ii) (i)
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y = tan x y = tan–1x 2.5 (i), (ii) 

cot (cotangent )  {x : x  R  x  n,

n  Z} R cotangent 

 (i)  (ii)

 (i)  (ii)
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 cotangent (0, ) 

R cotangent 

(–, 0), (0, ), (, 2) 

bl d k i fj l j  l eqPp;  R cot –1 

R (–, 0), (0, ), (, 2) 

cot –1 (0, )

cot –1 

cot–1 : R  (0, )

y = cot x y = cot–1x 2.6 (i), (ii) 

sin–1 : [–1, 1]  ,
2 2

    

cos–1 : [–1, 1]  [0, ]

cosec–1 : R – (–1,1)  ,
2 2

    
– {0}

sec–1 : R – (–1, 1)  [0, ] – { }
2



tan–1 : R  ,
2 2

  
 
 

cot–1 : R  (0, )


1. sin–1x (sin x)–1 (sin x)–1 = 

1

sin x
 

2.

3.

(Principal value)
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 1 sin–1 
1

2

 
 
 

 

  sin–1 
1

2

 
 
 

= y. sin y = 
1

2
.

sin–1  sin
4

 
 
 

= 
1

2

sin–1 
1

2

 
 
 

 
4


 

  2  cot–1 
1

3

 
 
 

 cot–1 
1

3

 
 
 

 = y . 

1
cot cot

33
y

      
 

 = cot
3

   
 

 = 
2

cot
3

 
 
 

cot–1 (0, )  cot 
2

3

 
 
 

= 
1

3


 

cot–1 
1

3

 
 
 

  
2

3


 

1. sin–1 
1

2
  
 

2. cos–1 
3

2

 
  
 

3. cosec–1 (2)

4. tan–1 ( 3) 5. cos–1 
1

2
  
 

6. tan–1 (–1)
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7. sec–1 
2

3

 
 
 

8. cot–1 ( 3) 9. cos–1 
1

2

  
 

10. cosec–1 ( 2 )

11. tan–1(1) + cos–1 
1

2
 + sin–1 

1

2
12. cos–1

1

2
 + 2 sin–1 

1

2

13. sin–1 x = y, 

(A) 0  y  (B)
2 2

y
 

  

(C) 0 <  y <  (D)
2 2

y
 

  

14. tan–1  13 sec 2   

(A)  (B)
3


 (C)

3


(D)

2

3



2.3   (Properties of Inverse Trigonometric
Functions)

(Valid)

(Details) (Discussion)

y = sin–1x x = sin y x = sin y y = sin–1x

(Equivalent)

sin (sin–1 x) = x, x  [– 1, 1] sin–1 (sin x) = x, x  ,
2 2
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1. (i) sin–1 
1

x
= cosec–1 x, x  1  x  – 1

(ii) cos–1 
1

x
 = sec–1x, x  1  x  – 1

(iii) tan–1 
1

x
= cot–1 x, x > 0

 cosec–1 x = y

x = cosec y

1

x
 = sin y

sin–1 
1

x
= y

sin–1 
1

x
 = cosec–1 x

2. (i) sin–1 (–x) = – sin–1 x, x  [– 1, 1]

(ii) tan–1 (–x) = – tan–1 x, x  R

(iii) cosec–1 (–x) = – cosec–1 x, | x |  1

sin–1 (–x) = y,  –x = sin y x = – sin y, 
x = sin (–y).

sin–1 x = – y = – sin–1 (–x)

sin–1 (–x) = – sin–1x

3. (i) cos–1 (–x) =  – cos–1 x, x  [– 1, 1]

(ii) sec–1 (–x) =  – sec–1 x, | x |  1

(iii) cot–1 (–x) =  – cot–1 x, x  R

cos–1 (–x) = y    – x = cos y   x = – cos y = cos ( – y)

cos–1 x =  – y =  – cos–1 (–x)

cos–1 (–x) =  – cos–1 x
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4. (i) sin–1 x + cos–1 x = 
2


, x  [– 1, 1]

(ii) tan–1 x + cot–1 x = 
2


, x  R

(iii) cosec–1 x + sec–1 x = 
2


, | x |  1

sin–1 x = y,  x = sin y = cos 
2

y
  

 

cos–1 x =  
2

y

  =  

–1sin
2

x



sin–1 x + cos–1 x = 
2



5. (i) tan–1x + tan–1 y = tan–1 
+

1

x y

– xy
, xy < 1

(ii) tan–1x – tan–1 y = tan–1 
1

x – y

+ xy
, xy > – 1

(iii) tan–1x + tan–1 y =  + tan–1  
 
 1

x + y

– xy
, x y > 1, x  > 0, y > 0

tan–1 x =   tan–1 y =  x = tan  y = tan 

tan tan
tan( )

1 tan tan 1

x y

xy

 +  = tan–1

1

x y

xy




tan–1 x + tan–1 y = tan–1 1

x y

xy




 y – y  (Replace)

y x 
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6. (i) 2tan–1 x = sin–1 
2

2

1

x

+ x
, | x |  1

(ii) 2tan–1 x = cos–1 
2

2

1

1

– x

+ x
, x  0

       (iii) 2tan–1 x = tan–1 2

2

1

x

– x
, – 1 x < 1

 tan–1 x = y,  x = tan y

sin–1 2

2

1

x

x
 = sin–1 2

2tan

1 tan

y

y

= sin–1 (sin 2 y) = 2 y = 2 tan–1 x

cos–1 
2

2

1

1

x

x




 = cos–1 
2

2

1 tan

1 tan

y

y


  = cos–1 (cos 2y) = 2y = 2tan–1 x

 3 

(i) sin–1  22 1x x  = 2 sin–1 x, 
1 1

2 2
x  

(ii) sin–1  22 1x x  = 2 cos–1 x, 
1

1
2

x 

(i)  x = sin   sin–1 x =  

sin–1  22 1x x  = sin–1  22sin 1 sin  

= sin–1 (2sin cos) = sin–1 (sin2) = 2
= 2 sin–1 x

(ii)  x = cos  

sin–1  22 1x x =  2 cos–1 x 

 4   tan–1 
–1 –11 2 3

tan tan
2 11 4
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 5 (i), 

 = –1 –11 2
tan tan

2 11
 –1 1

1 2
152 11tan tan

1 2 201
2 11




 
 

 = 
1 3

tan
4


= 

 5 1 cos
tan

1 sin

x

x
, 

3

2 2
x  

  

2 2

1 –1

2 2

cos sincos 2 2tan tan
1 sin cos sin 2sin cos

2 2 2 2

x x
x

x x x xx


           
 

=
–1

2

cos sin cos sin
2 2 2 2

tan
cos sin

2 2

x x x x

x x

          
      

=
–1

cos sin
2 2tan

cos sin
2 2

x x

x x

  
 
 
 

 
–1

1 tan
2tan

1 tan
2

x

x

  
  

 
 

=
–1tan tan

4 2 4 2

x x         

–1 –1 –1

2
sin sin

cos 2 2
tan tan tan

21 sin
1 cos 1 cos

2 2

x
x

x
xx

x
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=
–1

2

2 2
2sin cos

4 4
tan

2
2sin

4

x x

x

       
        

   
    

=
–1 2

tan cot
4

x   
    

 
–1 2

tan tan
2 4

x

=
–1tan tan

4 2

x      
 

4 2

x

 6 
–1

2

1
cot

1x

 
 

 
, x  > 1 

x = sec , then 2 1x  = 2sec 1 tan  

–1

2

1
cot

1x 
 = cot–1 (cot ) =  = sec–1 x 

 7 tan–1 x + 
–1

2

2
tan

1

x

x
= tan–1 

3

2

3

1 3

x x

x

 
 

 
, 

1
| |

3
x 

 x = tan .   = tan–1 x 

=
3 3

–1 –1
2 2

3 3 tan tan
tan tan

1 3 1 3 tan

x x

x

= tan–1 (tan3) = 3 = 3tan–1 x = tan–1 x + 2 tan–1 x

= tan–1 x + tan–1  2

2

1

x

x
  =  ( ?)

8 cos (sec–1 x + cosec–1 x), | x |  1 

 cos (sec–1 x + cosec–1 x) = cos 
2

 
 
 

= 0
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1. 3sin–1 x = sin–1 (3x – 4x3), 
1 1

– ,
2 2

x
    

2. 3cos–1 x = cos–1 (4x3 – 3x), 
1

, 1
2

x
    

3. tan–1 1 12 7 1
tan tan

11 24 2

4.
1 1 11 1 31

2 tan tan tan
2 7 17

5.
2

1 1 1
tan

x

x
  

, x  0 6.
1

2

1
tan

1x




, |x | > 1

7.
1 1 cos

tan
1 cos

x

x
  
   

, 0 < x < 8. 1 cos sin
tan

cos sin

x x

x x
  
  

, 
3

4 4
x

9.
1

2 2
tan

x

a x




, |x | < a

10.
2 3

1
3 2

3
tan

3

a x x

a ax
  
 

 
, a > 0; 

3 3

a a
x

11.
–1 –1 1

tan 2cos 2sin
2 12. cot (tan–1a + cot–1a)

13.
2

–1 –1
2 2

1 2 1
tan sin cos

2 1 1

x y

x y

 
   

, | x | < 1, y > 0 xy < 1
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14.   sin 
–1 –11

sin cos 1
5

x , x 

15.
–1 –11 1

tan tan
2 2 4

x x

x x
, x 

16.
–1 2

sin sin
3

 
 
 

17. –1 3
tan tan

4

 
 
 

18.
–1 –13 3

tan sin cot
5 2

  
 

19.
1 7

cos cos
6

(A)
7

6


(B)

5

6


(C)

3


(D)

6



20. 1 1
sin sin ( )

3 2
   

 
 

(A)
1

2
(B)

1

3
 (C)

1

4
 (D) 1

21. 1 1tan 3 cot ( 3)    

(A)  (B)
2


 (C) 0 (D) 2 3

 9 
1 3

sin (sin )
5

 

  1sin (sin )x x   
1 3 3

sin (sin )
5 5

  


3
,

5 2 2

      
, sin–1 x 
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3 3
sin ( ) sin( )

5 5
 =

2
sin

5
  

2
,

5 2 2

      

1 3
sin (sin )

5
 =

1 2 2
sin (sin )

5 5

 10  
1 1 13 8 84

sin sin cos
5 17 85

   

 1 3
sin

5
 = x    1 8

sin
17

y

sin x =
3

5
  

8
sin

17
y 

cos x = 2 9 4
1 sin 1

25 5
x ( ?)

cos y = 2 64 15
1 sin 1

289 17
y

cos (x – y) = cos x cos y + sin x sin y

=
4 15 3 8 84

5 17 5 17 85
   

x – y =
1 84

cos
85

1 13 8
sin sin

5 17
 =

1 84
cos

85

 11  1 1 112 4 63
sin cos tan

13 5 16

  1 1 112 4 63
sin , cos , tan

13 5 16
x y z

12
sin , cos

13
x y  =

4 63
, tan

5 16
z

5
cos , sin

13
x y  =

3 12 3
, tan tan

5 5 4
x y
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tan tan
tan( )

1 tan tan

x y
x y

x y


 

  

12 3
635 4

12 3 161
5 4

tan( ) tanx y z

tan (x + y) = tan (–z)  tan (x + y) = tan ( – z)

x + y = – z  or  x + y =  – z

x, y  z x + y –z  ( ?)

x + y + z =   
–1 –1 –112 4 63

sin cos tan
13 5 16

  12 
–1 cos sin

tan
cos sin

a x b x

b x a x

 
  

 
a

b
 tan x > –1

 

–1 cos sin
tan

cos sin

a x b x

b x a x

 
  

 =
–1

cos sin

costan
cos sin

cos

a x b x

b x
b x a x

b x

 
 
  
 

 = –1
tan

tan
1 tan

a
x

b
a

x
b

  
 
 
 

= –1 –1tan tan (tan )
a

x
b
 = –1tan

a
x

b


 13 tan–1 2x + tan–1 3x = 
4


 

 tan–1 2x + tan–1 3x = 
4



–1 2 3
tan

1 2 3

x x

x x

 
   

 =
4



–1
2

5
tan

1 6

x

x

 
  

 =
4
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2

5

1 6

x

x
 = tan 1

4




6x2 + 5x – 1 = 0  (6x – 1) (x + 1) = 0

x =
1

6
  x = – 1

x = – 1, x = – 1  

1

6
x  

1.
–1 13

cos cos
6

 
 
 

2.
–1 7

tan tan
6

 
 
 

3.
–1 –13 24

2sin tan
5 7
 4.

–1 –1 –18 3 77
sin sin tan

17 5 36
 

5.
–1 –1 –14 12 33

cos cos cos
5 13 65
  6.

–1 –1 –112 3 56
cos sin sin

13 5 65
 

7.
–1 –1 –163 5 3

tan sin cos
16 13 5

 

8.
–1 1 1 11 1 1 1

tan tan tan tan
5 7 3 8 4

   
   

9.
–1 –11 1

tan cos
2 1

x
x

x
, x  [0, 1]

10.
–1 1 sin 1 sin

cot
21 sin 1 sin

x x x

x x
, 0,

4
x

  
 

11.
–1 –11 1 1

tan cos
4 21 1

x x
x

x x
, 

1
1

2
x    [ : x = cos 2 ]
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12. 1 19 9 1 9 2 2
sin sin

8 4 3 4 3
 

 

13. 2tan–1 (cos x) = tan–1 (2 cosec x) 14.
–1 –11 1

tan tan ,( 0)
1 2

x
x x

x

15. sin (tan–1 x), | x | < 1 

(A)
21

x

x
(B)

2

1

1 x
(C)

2

1

1 x
(D)

21

x

x

16. sin–1 (1 – x) – 2 sin–1 x = 
2


,  x 

(A) 0, 
1

2
(B) 1, 

1

2
(C) 0 (D)

1

2

17.
1 1tan tan

x x y

y x y
       

 

(A)
2


(B)

3


(C)

4


(D)

3

4

 



( )

y = sin–1 x [–1, 1] ,
2 2

  
  

y = cos–1 x [–1, 1]  [0, ]

y = cosec–1 x R – (–1,1) ,
2 2

  
  

– {0}

y = sec–1 x R – (–1, 1) [0, ] – { }
2
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y = tan–1 x R ,
2 2

   
 

y = cot–1 x R (0, )

 sin–1x  (sin x)–1 (sin x)–1 = 
1

sin x
 


Principal Value

 y = sin–1 x  x = sin y  x = sin y   y = sin–1 x

 sin (sin–1 x) = x  sin–1 (sin x) = x

 sin–1 
1

x
= cosec–1 x  cos–1 (–x) =  – cos–1 x

 cos–1 
1

x
 = sec–1x  cot–1 (–x) =  – cot–1 x

 tan–1 
1

x
= cot–1 x  sec–1 (–x) =  – sec–1 x

 sin–1 (–x) = – sin–1 x  tan–1 (–x) = – tan–1 x

 tan–1 x + cot–1 x = 
2


 cosec–1 (–x) = – cosec–1 x

 sin–1 x + cos–1 x = 
2


 cosec–1 x + sec–1 x = 

2



 tan–1x + tan–1y = tan–1 
1

x y

xy
, xy < 1  2tan–1x  =  tan–1 

2
21

x

x
 |x | < 1

 tan–1x + tan–1y =  + tan–1 
1

x y

xy
, xy > 1, x > 0, y > 0

 tan–1x – tan–1y = tan–1 
1

x y

xy
, xy > –1

 2tan–1 x = sin–1 2

2

1

x

x
= cos–1 

2

2

1

1

x

x
, 0  x  1
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——

sine

 90 sine
sin (A + B) 18,

36, 54, 72, sine cosine
sin–1 x, cos–1 x, sin x,  cos x, 

Sir John F.W. Hersehel 
Thales

H

S

h

s
  = tan 

Thales
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The essence of mathematics lies in its freedom — CANTOR 

3.1  (Introduction)

(Electronic Spreadsheet Programmes)
(Budgeting) (Sales

Projection) (Cost Estimation)
(Magnification) (Rotation)

(Reflection)
(Cryptography)

(Matrix algebra)

3.2  (Matrix)

[15] [ ] 

[15  6] [ ] 

3

(Matrices)
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15 6 

10 2 

13 5 

15 6

10 2

13 5

15 10 13

6 2 5
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 1  

(Capital)

5– 2

A 0 5

3 6

 
 

  
  

, 

1
2 3

2
B 3.5 –1 2

5
3 5

7

i
   
 

  
 
 
 

,  
31 3

C
cos tansin 2

x x

x xx

 
  

 

(Rows)

(Columns) A B

C

3.2.1  (Order of a matrix)

m n m × n (order)

m × n A,  3 × 2 

B 3 × 3 C,  2 × 3  A 3 × 2 = 6 

B C 

m × n 

A = [a
ij
]

m × n
, 1 i  m, 1 j  n   i,  j  N
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i  a
i1
, a

i2
, a

i3
,..., a

in
  j  a

1j
, a

2j
,

a
3j
,..., a

mj
 

a
ij
, i j   A  (i, j)

m × n mn 

    

1. m × n A = [a
ij
]

m × n
 

2.

 (x, y) 

x

y

 
 
 

 (  [x, y]) P(0, 1),  
0

P
1

 
  
 

 

[0 1] 

ABCD 

A (1, 0), B (3, 2), C (1, 3), D (–1, 2) 

ABCD 

2 4

A B C D
1 3 1 1

X
0 2 3 2

4 2

A 1 0

B 3 2
Y

C 1 3

D 1 2 

 
 
 
 
  

 1 I, II III 
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I 30 25

II 25 31

III 27 26

3 × 2 

 3 × 2 

30 25

A 25 31

27 26

 
   
  

III 

  

 m × n  mn 

 (1, 8), (8, 1), (4, 2), (2, 4) 

 1 × 8, 8 ×1, 4 × 2, 2 × 4 

 3 3 × 2 
1

| 3 |
2ija i j   

 3 × 2 
11 12

21 22

31 32

A = 

a a

a a

a a

1
| 3 |

2ija i j  , i = 1, 2, 3   j = 1, 2

11
1

|1 3.1| 1
2

a    12
1 5

|1 3.2 |
2 2

a   
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21
1 1

| 2 3.1|
2 2

a    22
1

| 2 3.2 | 2
2

a   

31
1

| 3 3.1| 0
2

a    32
1 3

| 3 3.2 |
2 2

a   

 

51
2

1
A 2

2
30
2

 
 
 

  
 
 
 

 

3.3  (Types of Matrices)

(i) (Column matrix)

  

0

3

A 1

1/ 2

 
 
 
  
 
  

,  4 × 1 A= [a
ij
]

m × 1
 

m × 1 

(ii) (Row matrix)

 
1 4

1
B 5 2 3

2 

    
, 1×4   

B = [b
ij
]

1 × n
 1 × n 

(iii) (Square matrix)

m × n m = n 
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‘n’  

3 1 0

3
A 3 2 1

2
4 3 1

 
 
 
 
  

 

 A = [a
ij
]

m × m
 m 

    A = [a
ij
] n  

a
11

, a
22

, ..., a
nn

 A 

1 3 1

A 2 4 1

3 5 6

 
   
  

 A

(iv) (Diagonal matrix)

B = [b
ij
]

m × m
 

B = [b
ij
]

m × m
 

gS] ; fn b
ij
 = 0, i  j 

  A = [4], 
1 0

B
0 2

 
  
 

, 

1.1 0 0

C 0 2 0

0 0 3

 
   
  

, 

(v) (Scalar matrix)

B = [b
ij
]

n × n
 

b
ij
 = 0,    i   j

b
ij
 = k,    i  = j, k 

A = [3],     
1 0

B
0 1

 
   

,      

3 0 0

C 0 3 0

0 0 3
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(vi) (Identity matrix)

 A = [a
ij
]

n × n
 

1

0
ij

i j
a

i j

n I
n 

I 

 [1], 
1 0

0 1

 
 
 

, 

1 0 0

0 1 0

0 0 1

 
 
 
  

 1, 2 3 

k = 1 , 

(vii) (Zero matrix)

 [0], 
0 0

0 0
, 

0 0 0

0 0 0
, [0, 0] 

O

3.3.1  (Equality of matrices)

 2 A = [a
ij
] B = [b

ij
] 

(i)

(ii) A B i  j 

a
ij
 = b

ij
 

 
2 3 2 3

0 1 0 1
  

3 2 2 3

0 1 0 1
 

A  B 

A = B 
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1.5 0

2 6

3 2

x y

z a

b c

  
      
     

, x = – 1.5, y = 0, z = 2, a = 6 , b = 3, c = 2

 4  

3 4 2 7 0 6 3 2

6 1 0 6 3 2 2

3 21 0 2 4 21 0

x z y y

a c

b b

      
           
         

a, b, c, x, y z 

 

x + 3 = 0, z + 4 = 6, 2y – 7 = 3y – 2

a – 1 = – 3,            0 =2c + 2 b – 3 = 2b + 4,

a = – 2, b = – 7, c = – 1, x = – 3, y = –5, z = 2

5 
2 2 4 3

5 4 3 11 24

a b a b

c d c d

     
       

a, b, c, d 

 

2a + b = 4 5c – d = 11

a – 2b = – 3 4c + 3d = 24

 a = 1, b = 2, c = 3  d = 4 

1.  

2 5 19 7
5

A 35 2 12
2

173 1 5

 
 
  
 
  

, 

(i) (ii)

(iii) a
13

, a
21

, a
33

, a
24

, a
23
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2.

3.

4. 2 × 2 A = [a
ij
] 

   (i)
2( )

2ij
i j

a


 (ii) ij
i

a
j

 (iii)
2( 2 )

2ij
i j

a




5. 3 × 4 

(i)
1

| 3 |
2ija i j   (ii) 2ija i j 

6. x, y z 

(i)
4 3

5 1 5

y z

x

   
   

   
(ii)

2 6 2

5 5 8

x y

z xy

   
      

(iii)

9

5

7

x y z

x z

y z

    
       
      

7.
2 1 5

2 3 0 13

a b a c

a b c d

     
       

a, b, c d 

8. A = [a
ij
]

m × n\
 

(A) m < n (B) m > n (C) m = n (D)

9. x  y 
3 7 5

1 2 3

x

y x

 
   

 , 
0 2

8 4

y  
 
 

(A)
1

, 7
3

x y


  (B)

(C) y = 7   ,   
2

3
x


 (D)

1 2
,

3 3
x y

 
  .

10. 3 × 3 0  1 ?

(A) 27 (B) 18 (C) 81 (D) 512

3.4  (Operations on Matrices)

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



72        

3.4.1   (Addition of matrices)

A B

 1 :  (80 + 90),  (60 + 50)

2 : (75 + 70),   (65 + 55)

 3 :  (90 + 75),   (85 + 75)

   

80 90 60 50

75 70 65 55

90 75 85 75

  
   
   

,

 
11 12 13

21 22 23

A
a a a

a a a

 
  
 

  2 × 3  11 12 13

21 22 23

B
b b b

b b b

 
  
 

 

2 × 3  
11 11 12 12 13 13

21 21 22 22 23 23

A + B
a b a b a b

a b a b a b

   
     

A = [a
ij
] B = [b

ij
] m × n 

A B C = [c
ij
]

m × n
, 

c
ij
 = a

ij
 + b

ij
, i j 
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 6  
3 1 1

A
2 3 0

 
  
 

  
2 5 1

B 1
2 3

2

 
     

  A + B 

A B 2 × 3  A  B 

2 3 1 5 1 1 2 3 1 5 0
A +B 1 1

2 2 3 3 0 0 6
2 2

       
               

 


1.  A B 

A + B 
2 3

A
1 0

 
  
 

, 
1 2 3

B ,
1 0 1

 
  
 

  A + B 

2.

3.4.2  (Multiplication of a matrix by a scalar)

A

A

.

A
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2 80 2 601

2 2 75 2 65

3 2 90 2 85

 , 

160 120

150 130

180 170

 
 
 
  

 

A = [a
ij
]

m × n
 k kA 

A k 

 kA = k [a
ij
]

m × n
 = [k (a

ij
)]

m × n
, kA (i, j) i  j

ka
ij
 

A =

3 1 1.5

5 7 3

2 0 5

 
 

 
  

 

3A =

3 1 1.5 9 3 4.5

3 5 7 3 3 5 21 9

2 0 5 6 0 15

   
   

     
      

(Negative of a matrix) A –A

–A –A = (– 1) A 

  A =
3 1

5 x

 
  

, – A  

– A = (– 1)
3 1 3 1

A ( 1)
5 5x x

    
         

(Difference of matrices) A = [a
ij
], B = [b

ij
] 

m × n A – B D = [d
ij
] i j  
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d
ij
 = a

ij
 – b

ij 
, D = A – B = A + (–1) B,

A – B 

 7  
1 2 3 3 1 3

A B
2 3 1 1 0 2  2A – B 

 

2A – B =
1 2 3 3 1 3

2
2 3 1 1 0 2

=
2 4 6 3 1 3

4 6 2 1 0 2

    
      

=
2 3 4 1 6 3 1 5 3

4 1 6 0 2 2 5 6 0

      
        

3.4.3  (Properties of matrix addition)

(i) (Commutative Law)   A = [a
ij
], B = [b

ij
] 

m × n, A + B = B + A 

A + B = [a
ij
] + [b

ij
] = [a

ij
 + b

ij
]

= [b
ij
 + a

ij
] ( )

= ([b
ij
] + [a

ij
]) = B + A

(ii) (Associative Law)  m × n

A = [a
ij
], B = [b

ij
], C = [c

ij
] (A + B) + C = A + (B + C)

(A + B) + C = ([a
ij
] + [b

ij
]) + [c

ij
]

= [a
ij
 + b

ij
] + [c

ij
] = [(a

ij
 + b

ij
) + c

ij
]

= [a
ij
 + (b

ij
 + c

ij
)] ( ?)

= [a
ij
] + [(b

ij
 + c

ij
)] = [a

ij
] + ([b

ij
] + [c

ij
]) = A + (B + C)

(iii) (Existence of  additive identity) 
A = [a

ij
] m × n  O m × n A+O = O+A= A
 O 

(iv) (The existence of additive inverse)  
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A = [a
ij
]

m × n
 – A = [– a

ij
]

m × n
 

A + (– A) = (– A) + A= O  – A, A  

3.4.4  (Properties of scalar multiplication of

a matrix)

A = [a
ij
] B = [b

ij
] m × n, k  l 

(i) k(A +B) = k A + kB, (ii) (k + l)A = k A + l A

A = [a
ij
]

m × n
, B = [b

ij
]

m × n
, k l 

(i) k (A + B) = k ([a
ij
] + [b

ij
])

= k [a
ij
 + b

ij
] = [k (a

ij
 + b

ij
)] = [(k a

ij
) + (k b

ij
)]

= [k a
ij
] + [k b

ij
] = k [a

ij
] + k [b

ij
] = kA + kB

(ii) ( k + l ) A  = (k + l) [a
ij
]

= [(k + l) a
ij
] = [k a

ij
] + [l a

ij
] = k [a

ij
] + l [a

ij
] = k A + l A.

 8  

8 0 2 2

A 4 2 , B 4 2

3 6 5 1

 2A + 3X = 5B X

 2A + 3X = 5B

2A + 3X – 2A = 5B – 2A

2A – 2A + 3X = 5B – 2A ( )

O + 3X = 5B – 2A (– 2A, 2A )

3X = 5B – 2A (O, )

X = 
1

3
 (5B – 2A)

2 2 8 0
1

X 5 4 2 2 4 2
3

5 1 3 6

    
          
        

 = 

10 10 16 0
1

20 10 8 4
3

25 5 6 12
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    = 

10 16 10 0
1

20 8 10 4
3

25 6 5 12

   
   
    

 = 

6 10
1

12 14
3

31 7

  
 
 
   

 = 

10
2

3
14

4
3

31 7

3 3

 
 

 
 
 
   
  

9 X Y, 
5 2

X Y
0 9

 
   

 
  

3 6
X Y

0 1

 
    

 

 (X + Y) + (X – Y) =
5 2 3 6

0 9 0 1

(X + X) + (Y – Y) =
8 8

0 8

 
 
 

  
8 8

2X
0 8

 
  
 

X =
8 8 4 41

0 8 0 42

   
   

   

(X + Y) – (X – Y) =
5 2 3 6

0 9 0 1

   
      

(X – X) + (Y + Y) =
5 3 2 6

0 9 1

  
  

 
2 4

2Y
0 10

Y =
2 4 1 21

0 10 0 52

    
   

   

 10 x y 

5 3 4
2

7 3 1 2

x

y  =
7 6

15 14

 
 
 

  

   
5 3 4

2
7 3 1 2

x

y  = 
7 6

15 14

 
 
 

  
2 10 3 4 7 6

14 2 6 1 2 15 14

x

y
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2 3 10 4

14 1 2 6 2

x

y

  
    

 =
7 6

15 14
  

2 3 6 7 6

15 2 4 15 14

x

y

   
      

2x + 3 = 7 2y – 4 = 14 ( ?)

2x = 7 – 3 2y = 18

x =
4

2
y =

18

2

x = 2 y = 9

 11 

A  B 

(i)

(ii)

(iii) 2%  

(i)
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(ii)

(iii) B 2% =
2

B
100

 = 0. 02 × B

= 0.02 

=  

3.4.5  (Multiplication of matrices)

(5 × 2 + 50 × 5) (8 × 5 + 50 × 10) 
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2 5

8 10

 
 
 

5

50

 
 
 

5 2 5 50 260

8 5 10 50 540

     
        

 

 (4 × 2 + 40 × 5)
=  208  (8 × 4 + 10 × 40) = 432

2 5

8 10

 
 
 

4

40

 
 
 

4 2 40 5 208

8 4 10 4 0 432

     
        

2 5

8 10

 
 
 

5 4

50 40

 
 
 

5 2 5 50 4 2 40 5

8 5 10 5 0 8 4 10 4 0

      
       

= 
260 208

540 432

 
 
 

A B 

A B 

(Product matrix) A 

B (Element–wise)

A B A B 
d h l a[ ; k osQ l eku gksr h gSA eku y hft ,  fd  A = [a

ij
] m × n 

B = [b
jk
]  n × p A B m × p 

C C (i, k) c
ik
 A i 

B k
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A = [a
ij
]

m × n
, B = [b

jk
]

n × p
 A i [a

i1
 a

i2
 ... a

in
] B k

1

2
.
.
.

k

k

nk

b

b

b

 
 
 
 
 
  

 , c
ik
 =  a

i1 
b

1k 
+ a

i2 
b

2k 
+ a

i3 
b

3k 
+ ... + a

in 
b

nk 
= 

1

n

ij jk
j

a b



 C = [c
ik
]

m × p
, A  B 

 
1 1 2

C
0 3 4

 
  
 

 

2 7

1D 1

5 4

 
   
  

  

CD CD =

2 7
1 1 2

1 1
0 3 4

5 4
 2 × 2  

C D 

 
13 2

CD
17 13
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 12 
6 9 2 6 0

A B
2 3 7 9 8 AB 

  A  2 B  AB 

AB =
6(2) 9(7) 6(6) 9(9) 6(0) 9(8)

2(2) 3(7) 2(6) 3(9) 2(0) 3(8)

=
12 63 36 81 0 72

4 21 12 27 0 24

   
    

 = 
75 117 72

25 39 24

 
 
 

    AB BA 

AB BA B 3  A 
A  B m × n k  × l 

AB BA n = k l = m 
A B AB BA 

(Non-Commutativity of multiplication of matrices)

AB BA 
AB = BA 

 13 

2 3
1 2 3

A B 4 5
4 2 5

2 1

, AB  BA  

AB  BA

A 2 × 3 B 3 × 2 AB BA 
2 × 2 3 × 3, 

AB =

2 3
1 2 3

4 5
4 2 5

2 1
 = 

2 8 6 3 10 3 0 4

8 8 10 12 10 5 10 3

       
           

BA =

2 3 2 12 4 6 6 15
1 2 3

4 5 4 20 8 10 12 25
4 2 5

2 1 2 4 4 2 6 5

10 2 21

16 2 37

2 2 11

 
   
   

 AB  BA.
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AB BA AB  BA
 AB BA 

AB BA 

14 A =
1 0

0 1
 

0 1
B

1 0

 
  
 

 
0 1

AB
1 0

 
   

BA =
0 1

1 0
 AB  BA  

   A  B 

AB BA AB  BA 

 
1 0 3 0

A , B
0 2 0 4

   
    
   

, AB = BA = 
3 0

0 8

 
 
 

(Zero matrix as the product
of two non-zero matrices)

a  b ab = 0  a = 0 
b = 0 

15  
0 1

A
0 2

 
  
 

  
3 5

B
0 0

 
  
 

AB 

  
0 1 3 5 0 0

AB
0 2 0 0 0 0

     
      
     

3.4.6  (Properties of multiplication of matrices)

1.  A, B C 

(AB) C = A (BC), 
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2.  A, B C 

(i) A (B+C) = AB + AC

(ii) (A+B) C = AC + BC, 

3.  A 

I IA = AI = A

 16 

1 1 1 1 3
1 2 3 4

A 2 0 3 , B 0 2 C
2 0 2 1

3 1 2 1 4

 A(BC)

 (AB)C (AB)C = A(BC) 

 AB =

1 1 1 1 3 1 0 1 3 2 4 2 1

2 0 3 0 2 2 0 3 6 0 12 1 18

3 1 2 1 4 3 0 2 9 2 8 1 15

(AB) (C) =

2 2 4 0 6 2 8 12 1
1 2 3 4

1 18 1 36 2 0 3 36 4 18
2 0 2 1

1 15 1 30 2 0 3 30 4 15

=

4 4 4 7

35 2 39 22

31 2 27 11

 
   
  

BC =

1 6 2 0 3 6 4 31 3
1 2 3 4

0 2 0 4 0 0 0 4 0 2
2 0 2 1

1 4 1 8 2 0 3 8 4 4

      
                            

=

7 2 3 1

4 0 4 2

7 2 11 8
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A(BC) =

7 2 3 11 1 1

2 0 3 4 0 4 2

3 1 2 7 2 11 8

=  

7 4 7 2 0 2 3 4 11 1 2 8

14 0 21 4 0 6 6 0 33 2 0 24

21 4 14 6 0 4 9 4 22 3 2 16

=

4 4 4 7

35 2 39 22

31 2 27 11

 
   
  

(AB) C = A (BC)

 17  

0 6 7 0 1 1 2

A 6 0 8 , B 1 0 2 , C 2

7 8 0 1 2 0 3

     
              
          

AC, BC (A + B)C 
(A + B) C = AC + BC

 

0 7 8

A + B 5 0 10

8 6 0

 (A + B) C =

0 7 8 2 0 14 24 10

5 0 10 2 10 0 30 20

8 6 0 3 16 12 0 28

        
                    
                

 AC =

0 6 7 2 0 12 21 9

6 0 8 2 12 0 24 12

7 8 0 3 14 16 0 30
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BC =

0 1 1 2 0 2 3 1

1 0 2 2 2 0 6 8

1 2 0 3 2 4 0 2

        
                  
                

  AC + BC =

9 1 10

12 8 20

30 2 28

     
           
          

(A + B) C = AC + BC

 18  

1 2 3

A 3 2 1

4 2 1

 
   
  

 A3 – 23A – 40I = O

  
2

1 2 3 1 2 3 19 4 8

A A.A 3 2 1 3 2 1 1 12 8

4 2 1 4 2 1 14 6 15

     
              
          

A3 = A A2 = 

1 2 3 19 4 8 63 46 69

3 2 1 1 12 8 69 6 23

4 2 1 14 6 15 92 46 63

A3 – 23A – 40I =

63 46 69 1 2 3 1 0 0

69 6 23 – 23 3 2 1 – 40 0 1 0

92 46 63 4 2 1 0 0 1

=

63 46 69 23 46 69 40 0 0

69 6 23 69 46 23 0 40 0

92 46 63 92 46 23 0 0 40

=

63 23 40 46 46 0 69 69 0

69 69 0 6 46 40 23 23 0

92 92 0 46 46 0 63 23 40
 =

0 0 0

0 0 0 O

0 0 0
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 19 

A

A = 
40

100

50

X  Y 

1000 500 5000 X
B

Y3000 1000 10,000
 X Y  

 

BA =
40,000 50,000 250,000 X

Y120,000 +100,000 +500,000

   
   

=
340,000 X

Y720,000

 
   

Rs Rs 

1.  
2 4 1 3 2 5

A , B , C
3 2 2 5 3 4

     
            

,  

(i) A + B (ii) A – B (iii) 3A – C

(iv) AB (v) BA
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2.

(i)
a b a b

b a b a

   
      

(ii)
2 2 2 2

2 2 2 2

2 2

2 2

a b b c ab bc

ac aba c a b

    
         

(iii)

1 4 6 12 7 6

8 5 16 8 0 5

2 8 5 3 2 4

(iv)
2 2 2 2

2 2 2 2

cos sin sin cos

sin cos cos sin

x x x x

x x x x

   
   

      

3.

(i)
a b a b

b a b a

   
      

(ii)  
1

2 2 3 4

3

 
 
 
  

(iii)
1 2 1 2 3

2 3 2 3 1

   
   
   

(iv)

2 3 4 1 3 5

3 4 5 0 2 4

4 5 6 3 0 5

   
   
   
      

(v)

2 1
1 0 1

3 2
1 2 1

1 1

 
  
      

(vi)

2 3
3 1 3

1 0
1 0 2

3 1

 
   

       

.

4.  

1 2 3 3 1 2 4 1 2

A 5 0 2 , B 4 2 5 C 0 3 2

1 1 1 2 0 3 1 2 3

, (A+B) 

(B – C) A + (B – C) = (A + B) – C.

5.  

2 5 2 3
1 1

3 3 5 5
1 2 4 1 2 4

A B
3 3 3 5 5 5
7 2 7 6 2

2
3 3 5 5 5

, 3A – 5B 
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6.  
cos sin sin cos

cos + sin
sin cos cos sin

       
           

7. X Y 

(i)
7 0 3 0

X + Y X – Y
2 5 0 3

(ii)
2 3 2 2

2X + 3Y 3X 2Y
4 0 1 5

8. X Y Y = 
3 2

1 4

 
 
 

  2X + Y = 
1 0

3 2

 
  

9. x  y 
1 3 0 5 6

2
0 1 2 1 8

y

x

     
      

     

10.   x, y, z  t 

1 1 3 5
2 3 3

0 2 4 6

x z

y t

     
      

     

11.  
2 1 10

3 1 5
x y

     
      

     
 x  y 

12.  
6 4

3
1 2 3

x y x x y

z w w z w

     
            

 x, y, z w 

13.  

cos sin 0

F ( ) sin cos 0

0 0 1

x x

x x x

 
   
  

 F(x) F(y) = F(x + y)

14.

(i)
5 1 2 1 2 1 5 1

6 7 3 4 3 4 6 7
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(ii)

1 2 3 1 1 0 1 1 0 1 2 3

0 1 0 0 1 1 0 1 1 0 1 0

1 1 0 2 3 4 2 3 4 1 1 0

        
                
              

15.

2 0 1

A 2 1 3

1 1 0

 
   
  

 A2 – 5A + 6I, 

16.  

1 0 2

A 0 2 1

2 0 3

 
   
  

  AA3 – 6A2 + 7A + 2I = 0

17.
3 2 1 0

A I =
4 2 0 1

 A2 = kA – 2I k 

18.  
0 tan

2A

tan 0
2

  
  

 
  

 I 

I + A = (I – A) 
cos sin

sin cos

   
   

19.
% %

(a) Rs 1800 (b) Rs 2000

20.
Rs Rs 

Rs 

X, Y, Z, W P 2 × n, 3 × k, 2 × p, n × 3 p × k, 
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21. PY + WY n, k p 

(A) k = 3, p = n (B) k , p = 2

(C) p , k = 3 (D) k = 2, p = 3

22.  n = p, 7X – 5Z 

(A) p × 2 (B) 2 × n (C) n × 3 (D) p × n

3.5.  (Transpose of a Matrix)

Symmetric Matrix Skew Symmetric Matrix

 3  A = [a
ij
] m × n A 

Interchange A Transpose

A A AT) 

A = [a
ij
]

m × n
, A = [a

ji
]

n × m

A =
2 3

3 2

3 5 3 3 0
3 1 A 1

5 1
0 1 5

5

 

(Properties of transpose of matrices)

A B 

(i) (A) = A (ii) (kA) = kA (  k )

(iii) (A + B) = A + B (iv) (A B) = B A

20  
2 1 23 3 2

A B
1 2 44 2 0

 

(i) (A) = A (ii) (A + B) = A + B

(iii) (kB) = kB,  k 
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(i)

A =  

3 4
3 3 2 3 3 2

A 3 2 A A
4 2 0 4 2 0

2 0

 
              
     

(A) = A

(ii)

A = 
3 3 2

,
4 2 0

 
 
 

 B =
2 1 2 5 3 1 4

A B
1 2 4 5 4 4

   
     

   

(A + B)=

5 5

3 1 4

4 4

 
 

 
  

A=

3 4 2 1

3 2 , B 1 2

2 0 2 4

A + B =

5 5

3 1 4

4 4

 
 

 
  

(A + B) = A + B
(iii)

kB = k
2 1 2 2 2

1 2 4 2 4

k k k

k k k

    
   

   

(kB) =

2 2 1

2 1 2 B

2 4 2 4

k k

k k k k

k k

   
          
      

(kB) = kB
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21  

2

A 4 , B 1 3 6

5

 (AB) = BA

  

A =  
2

4 , B 1 3 6

5

 
    
  

AB =

2

4 1 3 6

5

 = 

2 6 12

4 12 24

5 15 30

  
  
  

  (AB)

2 4 5

6 12 15

12 24 30

A = [–2  4  5] , 

1

B 3

6

BA =

1 2 4 5

3 2 4 5 6 12 15 (AB)

6 12 24 30

(AB) = BA

3.6  (Symmetric and Skew Symmetric
Matrices)

 4 A = [a
ij
]

 
A = A  i  j 

[a
ij
] = [a

ji
]

 

3 2 3

A 2 1.5 1

3 1 1

 
 

   
  

 A = AA
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 5 A = [a
ij
]

 
 A = – A, 

i   j a
ji
 = – a

ij 
i = j a

ii
 = – a

ii
 

2a
ii
 = 0  a

ii
 = 0 i 

  

0

B 0

0

e f

e g

f g

 
   
   

 B= – B 

 1 A A + A 

A – A 

  B = A + A 

B = (A + A)

= A + (A)(  (A + B) = (A + B)

= A + A(  (A) = A)

= A + A(  A + B = B + A)

= B

B = A + A 

C = A – A

C = (A – A) = A – (A)     ( ?)

= A – A    ( ?)

= – (A – A) = – C

C = A – A 

 2 

 A 

1 1
A (A A ) (A A )

2 2
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 (A + A) (A – A) 
A (kA) = kA 

1
(A A )

2
  

1
(A A )

2
  

 22 

2 2 4

B 1 3 4

1 2 3

 

  B = 

2 1 1

2 3 2

4 4 3

P =

4 3 3
1 1

(B + B ) 3 6 2
2 2

3 2 6

 = 

3 3
2

2 2
3

3 1
2
3

1 3
2

  
 
 
 
 
  
  

P =

3 3
2

2 2
3

3 1
2
3

1 3
2

  
 
 
 
 
  
  

= P

P =
1

(B + B )
2

  

Q =

1 5
0

2 20 1 5
1 1 1

(B – B ) 1 0 6 0 3
2 2 2

5 6 0
5

3 0
2
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Q =

1 5
0

2 3
1

0 3 Q
2
5

3 0
2

 
 
 
    
  
  

Q =
1

(B – B )
2

  

3 3 1 5
2 0

2 2 2 2 2 2 4
3 1

P + Q 3 1 0 3 1 3 4 B
2 2

1 2 33 5
1 3 3 0

2 2

B

1.

(i)

5

1

2
1

 
 
 
 
  

(ii)
1 1

2 3

 
 
 

(iii)

1 5 6

3 5 6

2 3 1

 
 
 
  

2.  

1 2 3 4 1 5

A 5 7 9 B 1 2 0

2 1 1 1 3 1

 

(i) (A + B) = A + B (ii) (A – B) = A – B

3.  

3 4
1 2 1

A 1 2 B
1 2 3

0 1

  

(i) (A + B) = A + B (ii) (A – B) = A – B
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4.
2 3 1 0

A B
1 2 1 2

   (A + 2B) 

5. A B  (AB) = BA, 

(i)

1

A 4 , B 1 2 1

3

(ii)  
0

A 1 , B 1 5 7

2

 
   
  

6. (i) 
cos sin

A
sin cos

  
     

  AA A = I

(ii)  
sin cos

A
cos sin

  
     

 A A = I

7. (i)

1 1 5

A 1 2 1

5 1 3

 
   
  

 

          (ii)  

0 1 1

A 1 0 1

1 1 0

 
   
  

 

8.
1 5

A
6 7

 
  
 

 

(i) (A + A) 
(ii) (A – A) 

9.

0

A 0

0

a b

a c

b c

 
   
   

  1
A A

2
    1

A A
2



10.

(i)
3 5

1 1

 
  

(ii)

6 2 2

2 3 1

2 1 3
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(iii)

3 3 1

2 2 1

4 5 2

(iv)
1 5

1 2

 11  12 

11. A B AB – BA 

(A) (B)

(C) (D)

12.
cos sin

A
sin cos

 A + AA = I,  

(A)
6


(B)

3



(C)  (D)
3

2



3.7  [Elementary Operation
(Transformation) of a matrix]

(i) symbolically
i  j R

i
  R

j
  i   j

C
i
  C

j
 

 

1 2 1

A 1 3 1

5 6 7

 
 

  
  

, R
1
  R

2 
 

1 3 1

1 2 1

5 6 7

 
 
 
  

(ii)

 i k,  k 0 R
i
  kR

i
 

C
i
  kC

i 

1 2 1
B

1 3 1
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3 3

1
C C

7
 ,  

1
1 2

7
1

1 3
7

 
 
 
   

 

(iii)
  i

j k R
i
  R

i
 + kR

j
 

 C
i
  C

i
 + k C

j
 

 
1 2

C
2 1

 
   

 R
2
  R

2
 – 2R

1
 

1 2

0 5

 
  

 

3.8  (Invertible Matrices)

 6 A,  m, 
AB = BA = I, B A 

A– 1 A 

A =
2 3

1 2

 
 
 

B = 
2 3

1 2

 
  

AB =
2 3 2 3

1 2 1 2

   
      

=
4 3 6 6 1 0

I
2 2 3 4 0 1

     
         

BA =
1 0

I
0 1

 
 

 
 B A  

B = A– 1 A B, A = B–1


1. (Rectangular) 

AB BA A B
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2. B, A A, B 

  3 [ (Uniqueness of inverse)] 

  A = [a
ij
] m 

B C A B = C 

A B

AB = BA = I ... (1)

 A C 

AC = CA = I ... (2)

B = BI = B (AC) = (BA) C = IC = C

4 A B (AB)–1 = B–1 A–1

 

(AB) (AB)–1 = 1

A–1 (AB) (AB)–1 = A–1I     (A–1 )

(A–1A) B (AB)–1 = A–1 (A–1 I = A–1 )

IB (AB)–1 = A–1

B (AB)–1 = A–1

B–1 B (AB)–1 = B–1 A–1

I (AB)–1 = B–1 A–1

(AB)–1 = B–1 A–1

3.8.1  (Inverse of a matrix by
elementary operations)

 X, A B X = AB X
= AB 

X A 

 X = AB 

X AB 

B

A 

A–1 A–1 

A = IA A = IA 

I = BA B,  A 
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A–1  A = AI 

A = AI I = AB 

  A = IA (A = AI) 

A 

A–1 

 23 
1 2

A =
2 1

 
  

 

  A = IA 

1 2 1 0 1 2 1 0
A, A

2 1 0 1 0 5 2 1
 (R

2
  R

2
 – 2R

1 
)

1 2

0 1

 
 
 

 =

1 0
A2 1

5 5

 
  
 

(R
2
  – 

1

5
R

2 
)

1 0

0 1

 
 
 



1 2

5 5 A
2 1

5 5

 
 
 

 
  

(R
1
  R

1
 – 2R

2 
)

A–1 =

1 2

5 5
2 1

5 5

 
 
 

 
  

 A = AI, 

1 2

2 1

 
  

 =
1 0

A
0 1

 
 
 

C
2
  C

2
 – 2C

1
, 

1 0

2 5

 
  

 =
1 2

A
0 1
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C
2
  2

1
C

5
 , 

1 0

2 1

 
 
 

 =

2
1

5A
1

0
5

 
 
 

 
  

C
1
  C

1
 – 2C

2
, 

1 0

0 1

 
 
 

 =

1 2

5 5A
2 1

5 5

 
 
 

 
  

A–1 =

1 2

5 5
2 1

5 5

 
 
 

 
  

 24  

0 1 2

A 1 2 3

3 1 1

 
   
  

 A = I A,  

0 1 2

1 2 3

3 1 1

 
 
 
  

 = 

1 0 0

0 1 0 A

0 0 1

 
 
 
  

1 2 3

0 1 2

3 1 1

 
 
 
  



0 1 0

1 0 0 A

0 0 1

 
 
 
  

(R
1
  R

2 
)

1 2 3

0 1 2

0 5 8

 
 
 
   



0 1 0

1 0 0 A

0 3 1

 
 
 
  

(R
3
  R

3 
– 3R

1
)
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1 0 1

0 1 2

0 5 8

 
 
 
   


2 1 0

1 0 0 A

0 3 1

 
 
 
  

(R
1
  R

1 
– 2R

2
)

1 0 1

0 1 2

0 0 2

 
 
 
  


2 1 0

1 0 0 A

5 3 1

 
 
 
  

(R
3
  R

3 
+ 5R

2
)

1 0 1

0 1 2

0 0 1

 
 
 
  

 =

2 1 0

1 0 0 A

5 3 1

2 2 2

 
 
 
 
  

(R
3
  

1

2
 R

3 
)

1 0 0

0 1 2

0 0 1

 
 
 
  



1 1 1

2 2 2
1 0 0 A

5 3 1

2 2 2

 
 
 
 
 
 
 

(R
1
  R

1 
+ R

3 
)

1 0 0

0 1 0

0 0 1

 
 
 
  



1 1 1

2 2 2
4 3 1 A

5 3 1

2 2 2

 
 
 
  
 
 
 

(R
2
  R

2 
– 2R

3
)

A–1 =

1 1 1

2 2 2
4 3 1

5 3 1

2 2 2

 
 
 
  
 
 
 

A = AI ,

0 1 2

1 2 3

3 1 1

 
 
 
  

 =

1 0 0

A 0 1 0

0 0 1
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1 0 2

2 1 3

1 3 1

 
 
 
  

 =

0 1 0

A 1 0 0

0 0 1

 
 
 
  

(C
1
  C

2
)

1 0 0

2 1 1

1 3 1

 
  
  

 =

0 1 0

A 1 0 2

0 0 1

 
  
  

(C
3
  C

3
 – 2C

1
)

1 0 0

2 1 0

1 3 2

 
 
 
  

 =

0 1 1

A 1 0 2

0 0 1

 
  
  

(C
3
  C

3
 + C

2
)

1 0 0

2 1 0

1 3 1

 
 
 
  

 =

1
0 1

2
A 1 0 1

1
0 0

2

 
 
 

 
 
 
 

(C
3
  

1

2
 C

3
)

1 0 0

0 1 0

5 3 1

 
 
 
  

 =

1
2 1

2
A 1 0 1

1
0 0

2

  
 

 
 
 
 

(C
1
  C

1
 – 2C

2
)

1 0 0

0 1 0

0 3 1

 
 
 
  

 =

1 1
1

2 2
A 4 0 1

5 1
0

2 2

 
 
 
  
 
 
 

(C
1
  C

1
 + 5C

3
)

1 0 0

0 1 0

0 0 1

 
 
 
  

 =

1 1 1

2 2 2
A 4 3 1

5 3 1

2 2 2

 
 
 
  
 
 
 

(C
2
  C

2 
– 3C

3
)
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A–1 =

1 1 1

2 2 2
4 3 1

5 3 1

2 2 2

 
 
 
  
 
 
 

 25 
10 2

P
5 1

 
   

P – 1 

  P = I
 
P 

10 2 1 0
P

5 1 0 1

   
      

1
1

5
5 1

 
 
 
 

 =

1
0

P10
0 1

 
 
 
 

 (R
1
  

1

10
R

1 
)

1
1

5
0 0

 
 
 
 

 =

1
0

10 P
1

1
2

 
 
 
 
  

 (R
2
  R

2
 + 5R

1 
)

 P–1 

 1  17 

1.
1 1

2 3

 
 
 

2.
2 1

1 1

 
 
 

3.
1 3

2 7

 
 
 

4.
2 3

5 7

 
 
 

5.
2 1

7 4

 
 
 

6.
2 5

1 3

 
 
 

7.
3 1

5 2

 
 
 

8.
4 5

3 4

 
 
 

9.
3 10

2 7
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10.
3 1

4 2
11.

2 6

1 2
12.

6 3

2 1

 
  

13.
2 3

1 2

 
  

14.
2 1

4 2

 
 
 

15.

2 3 3

2 2 3

3 2 2

 
 
 
  

16.

1 3 2

3 0 5

2 5 0

 
   
  

17.

2 0 1

5 1 0

0 1 3

 
 
 
  

18. A B 

(A) AB = BA (B) AB = BA = 0

(C) AB = 0, BA = I (D) AB = BA = I

 26 
cos sin

A
sin cos

  
     

  

cos sin
A

sin cos
n n n

n n

  
     

,  n  N

  

P(n) :  
cos sin

A
sin cos

  
     


cos sin

A
sin cos

n n n

n n

  
     

, n  N

P(1) : 
cos sin

A
sin cos

  
     

,  1 cos sin
A

sin cos

  
     

n = 1 

 n = k 

P(k) : 
cos sin

A
sin cos

  
     

,  
cos sin

A
sin cos

k k k

k k

  
     

.
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 n = k +1 

Ak + 1 =
cos sin cos sin

A A
sin cos sin cos

k k k

k k

      
             

=
cos cos – sin sin cos sin sin cos

sin cos cos sin sin sin cos cos

k k k k

k k k k

         
             

=
cos( ) sin ( ) cos( 1) sin ( 1)

sin ( ) cos( ) sin ( 1) cos( 1)

k k k k

k k k k

            
                 

n = k  + 1 

cos sin
A

sin cos
n n n

n n

  
     

, n 

 27   A B AB 

A  B AB = BA 

 A B A = A B = B 

AB (AB) = AB

(AB) = BA= BA ( ?)

BA = AB

 AB = BA AB 

(AB) = BA

= B A ( A B )

= AB

 AB 

 28 
2 1 5 2 2 5

A , B , C
3 4 7 4 3 8

     
       
     

 

D CD – AB = O 

 A, B, C 2, CD – AB 

D 

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



108        

D = 
a b

c d

 
 
 

 CD – AB = O 

2 5 2 1 5 2

3 8 3 4 7 4

a b

c d

       
       

       
 = O

2 5 2 5 3 0

3 8 3 8 43 22

a c b d

a c b d

    
       

 =
0 0

0 0

 
 
 

2 5 3 2 5

3 8 43 3 8 22

a c b d

a c b d

   
     

 = 
0 0

0 0

 
 
 

2a + 5c – 3 = 0 ... (1)

3a + 8c – 43 = 0 ... (2)

2b + 5d = 0 ... (3)

3b + 8d – 22 = 0 ... (4)

(1) (2), a = –191, c = 77 

(3) (4), b = – 110, d = 44 

D = 
191 110

77 44

a b

c d

    
   

   

1.  
0 1

A
0 0

 
  
 

 n  N 

(aI + bA)n = an I + nan – 1 bA,  I 

2.

1 1 1

A 1 1 1

1 1 1

 
   
  

, 

1 1 1

1 1 1

1 1 1

3 3 3

A 3 3 3 ,

3 3 3

n n n

n n n n

n n n

n

  

  

  

 
 

  
 
 

N

3.
3 4

A
1 1

1 2 4
A

1 2
n n n

n n
  n 
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4.  A B AB – BA 
5.  BAB A 

6. x, y, z  

0 2

A

y z

x y z

x y z

 
   
  

 

AA  = I 

7. x  
1 2 0 0

1 2 1 2 0 1 2

1 0 2 x

   
   
   
      

 = O ?

8.
3 1

A
1 2

 
   

 A2 – 5A + 7I = O 

9.    
1 0 2

5 1 0 2 1 4 O

2 0 3 1

x

x

   
        
      

 x 

10.  x, y, z  

I 10,000 2,000 18,000

II 6,000 20,000 8,000

(a) x, y z Rs Rs 
Rs Revenue

(b) Cost Rs 
Rs Gross profit

11. X 
1 2 3 7 8 9

X
4 5 6 2 4 6

     
   

   
12. A  B  AB = BA 

 ABn = BnA 
 n  N (AB)n = AnBn
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13. A =   A² = I,

(A) 1 + ² +  = 0 (B) 1 – ² +  = 0

(C) 1 – ² –  = 0 (D) 1 + ² –  = 0

14.

(A) A (B) A 

(C) A (D)

15. A A2 = A, (I + A)³ – 7 A 

(A) A (B) I – A (C) I (D) 3A


 m n m × n 

 [a
ij
]

m × 1
 

 [a
ij
]

1 × n
 

 m × n  m = n 

 A = [a
ij
]

m × m
 a

ij
 = 0, i  j

 A = [a
ij
]

n × n
 a

ij
 = 0,  i  j, a

ij
 = k, (k ),

i = j 

 A = [a
ij
]

n × n
  a

ij
 = 1  i = j a

ij
 = 0 

i  j 


 A = [a

ij
]

 
= [b

ij
] = B  (i) A B (ii)  i j 

a
ij
 = b

ij
  

 kA = k[a
ij
]

m × n
 = [k(a

ij
)]

m × n

 – A = (–1)A

 A – B = A + (–1) B

 A + B = B + A
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 (A + B) + C = A + (B + C),   A, B  C 

 k(A + B) = kA + kB, A B  k 

 (k + l ) A = kA + lA,  k l 

 A = [a
ij
]

m × n
  B = [b

jk
]

n × p
  AB = C = [c

ik
]

m × p
,  

1

n

ik ij jk
j

c a b



 (i) A(BC) = (AB)C,  (ii)   A(B + C) = AB + AC,  (iii)   (A + B)C = AC + BC

   A = [a
ij
]

m × n
  A  AT = [a

ji
]

n × m

 (i) (A) = A  (ii)   (kA) = kA  (iii)   (A + B) = A + B  (iv)  (AB) = BA

 A = A A 

  A = –A  A 




(i) R

i
  R

j 
  C

i
  C

j

(ii) R
i
  kR

i 
C

i
  kC

i

(iii) R
i
  R

i 
+

 
kR

j 
C

i
  C

i 
+

 
kC

j

 A B AB = BA = I, A 

B A–1 B A



——
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All Mathematical truths are relative and conditional — C.P. STEINMETZ 

4.1  (Introduction)

a
1
 x + b

1
 y = c

1

a
2
 x + b

2
 y = c

2

 1 1 1

2 2 2

a b cx

a b cy

a
1
 b

2
 – a

2 
b

1
 

 1 1

2 2

a b

a b
    a

1
 b

2
 – a

2 
b

1
  0,  

a
1
 b

2
 – a

2 
b

1
 

1 1

2 2

A
a b

a b

 
  
 

 A  det A 

4

 (Determinants)

P.S. Laplace
(1749-1827)
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4.2  (Determinant)

n A = [a
ij
] 

M k 

 f : M  K, f (A) = k, A  M k  K f (A) , A 

 |A |  det (A)   

 A = 
a b

c d
, A  |A| = 

a b

c d
 = det (A) 

(i) A  |A | A 

(ii)

4.2.1   (Determinant of a matrix of order one)

 A = [a ] A a 

4.2.2   (Determinant of a matrix of order two)

2 × 2  A = 
11 12

21 22

a a
a a  

 A 

det (A) = |A| =  =  = a
11

a
22

 – a
21

a
12

  
2 4

–1 2  

   
2 4

–1 2  = 2 (2) – 4(–1) = 4 + 4 = 8
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1

– 1

x x

x x  

 
1

– 1

x x

x x  = x (x) – (x + 1) (x – 1)  = x2 – (x2 – 1) = x2 – x2 + 1 = 1

4.2.3  3 × 3 (Determinant of a matrix of order 3 × 3)

 (R
1
, R

2
 R

3
) 

(C
1
, C

2
 C

3
)

A = [a
ij
]

3 × 3 
, 

       | A | = 21 22 23

31 32 33

11 12 13a a a
a a a
a a a

(R
1
) 

 | A | = 21 22 23

31 32 33

a a a
a a a

11 12 13a a a

R
1
  a

11
 (–1)(1 + 1) 11[(–1) ]a |A| 

(R
1
)  (C

1
) 

a
11

, R
1
 C

1 

(–1)1 + 1 a
11

 
22 23

32 33

a a
a a

  a
12

, R
1
 C

2 
R

1
 a

12 
(–1)1 + 2

12[(–1) ]a  | A | (R
1
)  (C

2
) 

(–1)1 + 2a
12

 
21 23

31 33

a a
a a

  a
13

, R
1
 C

3 
R

1
 (–1)1 + 3

13[(–1) ]a   | A | (R
1
)  (C

3
) 
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(–1)1 + 3 a
13

 
21 22

31 32

a a
a a

 A | A | 

det A = |A| = (–1)1 + 1 a
11

 
22 23 21 231 2

12
32 33 31 33

(–1)
a a a a

a
a a a a

+ 
21 221 3

13
31 32

(–1)
a a

a
a a

|A| = a
11

 (a
22

 a
33

 – a
32 

a
23

) – a
12

 (a
21

 a
33

 – a
31 

a
23

)

+ a
13

 (a
21

 a
32

 – a
31

 a
22

)

= a
11

 a
22

 a
33

 – a
11

 a
32 

a
23

 – a
12

 a
21

 a
33

 + a
12

 a
31 

a
23

 + a
13

 a
21

 a
32

– a
13

 a
31

 a
22

... (1)


 (R

2
) 

| A | =
11 12 13

31 32 33

a a a

a a a
21 22 23a a a

R
2 

| A | =
12 13 11 132 1 2 2

21 22
32 33 31 33

(–1) (–1)
a a a a

a a
a a a a

11 122 3
23

31 32

(–1)
a a

a
a a

= – a
21

 (a
12

 a
33

 – a
32 

a
13

) + a
22

 (a
11

 a
33

 – a
31 

a
13

)
– a

23
 (a

11
 a

32
 – a

31
 a

12
)

| A | = – a
21

 a
12

 a
33

 + a
21

 a
32 

a
13

 + a
22

 a
11

 a
33

 – a
22

 a
31 

a
13

 – a
23

 a
11

 a
32

 + a
23

 a
31

 a
12

= a
11

 a
22

 a
33

 – a
11

 a
23

 a
32

 – a
12

 a
21

 a
33

 + a
12

 a
23

 a
31

 + a
13

 a
21

 a
32

– a
13

 a
31

 a
22

... (2)
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(C
1
) 

| A | =
12 13

22 23

32 33

a a

a a

a a

11

21

31

a

a

a

C
1
, 

| A | =
22 23 12 131 1 2 1

11 21
32 33 32 33

(–1) ( 1)
a a a a

a a
a a a a

+ 
12 133 1

31
22 23

(–1)
a a

a
a a

= a
11

 (a
22

 a
33

 – a
23

 a
32

) – a
21

 (a
12

 a
33

 – a
13

 a
32

) + a
31

 (a
12

 a
23

 – a
13

 a
22

)

| A | = a
11

 a
22

 a
33

 – a
11

 a
23

 a
32

 – a
21

 a
12

 a
33

 + a
21

 a
13

 a
32

 + a
31

 a
12

 a
23

– a
31

 a
13

 a
22

= a
11

 a
22

 a
33

 – a
11

 a
23

 a
32

 – a
12

 a
21

 a
33

 + a
12

 a
23

 a
31

 + a
13

 a
21

 a
32

– a
13

 a
31

 a
22

... (3)

(1), (2) (3) |A |  

|A| R
3
, C

2
  C

3

(i)

(ii) (–1)i + j (i + j) 

+1  –1 

(iii) A = 
2 2

4 0
  B = 

1 1

2 0

A = 2B.  |A | = 0 – 8 = – 8  |B | = 0 – 2 = – 2 
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|A | = 4 (– 2) = 22 |B |  |A | = 2n |B |, n = 2, A

B 

A = kB, A B n | A| = kn | B |, 

n = 1, 2, 3 

  = 

1 2 4

–1 3 0

4 1 0

 

  (C
3
) 

 =
–1 3 1 2 1 2

4 – 0 0
4 1 4 1 –1 3

= 4 (–1 – 12) – 0 + 0  = – 52

   = 

0 sin –cos

–sin 0 sin

cos –sin 0

 

 R
1
 

 =
0 sin – sin sin –sin 0

0 – sin – cos
– sin 0 cos 0 cos – sin

= 0 – sin  (0 – sin  cos ) – cos  (sin  sin  – 0)

= sin  sin  cos  – cos  sin  sin  = 0

   
3 3 2

1 4 1

x

x
 x

   
3 3 2

1 4 1

x

x

3 – x2 = 3 – 8

x2 = 8

x = 2 2
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1.
2 4

–5 –1

2. (i)
cos – sin

sin cos
(ii)

2 – 1 – 1

1 1

x x x

x x

3. A = 
1 2

4 2
, | 2A | = 4 | A |

4. A = 

1 0 1

0 1 2

0 0 4

 | 3 A | = 27 | A |

5.

(i)

3 –1 –2

0 0 –1

3 –5 0

(ii)

3 – 4 5

1 1 –2

2 3 1

(iii)

0 1 2

–1 0 –3

–2 3 0

(iv)

2 –1 –2

0 2 –1

3 –5 0

6. A = 

1 1 –2

2 1 –3

5 4 –9

,  | A |

7. x 

(i)
2 4 2 4

5 1 6

x

x
(ii)

2 3 3

4 5 2 5

x

x
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8.  
2 6 2

18 18 6

x

x
  x 

(A) 6 (B) ± 6 (C) – 6 (D) 0

4.3 (Properties of Determinants)

 

 –  = 
1 2 3

1 2 3

1 2 3

a a a

b b b

c c c

 =
2 3 1 3 1 2

1 2 3
2 3 1 3 1 2

b b b b b b
a a a

c c c c c c

= a
1
 (b

2 
c

3
 – b

3
 c

2
) – a

2
 (b

1
 c

3
 – b

3
 c

1
) + a

3
 (b

1
 c

2
 – b

2
 c

1
)

 


1
 =

1 1 1

2 2 2

3 3 3

a b c

a b c

a b c

 


1
 


1 
= a

1
 (b

2
 c

3
 – c

2
 b

3
) – a

2
 (b

1
 c

3
 – b

3
 c

1
) + a

3
 (b

1
 c

2
 – b

2
 c

1
)

 = 
1

 A det (A) = det (A), 
A   

  R
i
 = i C

i
 = i 

C
i
  R

i 
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   = 

2 –3 5

6 0 4

1 5 –7

 

  

 =
0 4 6 4 6 0

2 – (–3) 5
5 –7 1 –7 1 5

= 2 (0 – 20) + 3 (– 42 – 4) + 5 (30 – 0)

= – 40 – 138 + 150 = – 28


1
 =

2 6 1

–3 0 5

5 4 –7

     ( )

=
0 5 6 1 6 1

2 – (–3) 5
4 –7 4 –7 0 5

= 2 (0 – 20) + 3 (– 42 – 4) + 5 (30 – 0)

= – 40 – 138 + 150 = – 28

 = 
1

   = 
1 2 3

1 2 3

1 2 3

a a a

b b b

c c c

 = a
1
 (b

2
 c

3
 – b

3
 c

2
) – a

2 
(b

1
 c

3
 – b

3
 c

1
) + a

3
 (b

1
 c

2
 – b

2
 c

1
)

R
2
R

3 
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1
 =

1 2 3

1 2 3

1 2 3

c c c

b b b

a a a


1 
 = a

1
 (c

2
 b

3
 – b

2
 c

3
) – a

2
 (c

1
 b

3
 – c

3
 b

1
) + a

3
 (b

2
 c

1
  – b

1
 c

2
)

=  – [a
1
 (b

2
 c

3
 – b

3
 c

2
) – a

2
 (b

1
 c

3
 – b

3
 c

1
) + a

3
 (b

1
 c

2
 – b

2
 c

1
)] 


1
 = – 

  R
i
  R

j
 

C
i
  C

j
 

  = 

2 –3 5

6 0 4

1 5 –7

 

   = 

2 –3 5

6 0 4

1 5 –7

 = – 28 ( )

R
2
 R

3
  R

2
  R

3 


1
 =

2 –3 5

1 5 –7

6 0 4

 
1
 


1
 =

5 –7 1 –7 1 5
2 – (–3) 5

0 4 6 4 6 0

= 2 (20 – 0) + 3 (4 + 42) + 5 (0 – 30)
= 40 + 138 – 150 = 28


1
 = – 

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



122        

   

 

 = – 
 = 0

   = 

3 2 3

2 2 3

3 2 3

 

  

 = 3 (6 – 6) – 2 (6 – 9) + 3 (4 – 6)

 = 0 – 2 (–3) + 3 (–2) = 6 – 6 = 0
R

2
  R

3
 

 
k, k 

  =
1 1 1

2 2 2

3 3 3

a b c

a b c

a b c

k 
1 


1
 =

1 1 1

2 2 2

3 3 3

k a k b k c

a b c

a b c


1
 = k a

1 
(b

2
 c

3
 – b

3
 c

2
) – k b

1
 (a

2
 c

3
 – c

2
 a

3
) + k c

1
 (a

2
  b

3
 – b

2 
a

3
)

= k [a
1
 (b

2
 c

3
 – b

3
 c

2
) – b

1
 (a

2
 c

3
 – c

2
 a

3
) + c

1
 (a

2
 b

3
 – b

2
 a

3
)] = k 

1 1 1

2 2 2

3 3 3

k a k b k c

a b c

a b c

 = k 

1 1 1

2 2 2

3 3 3

a b c

a b c

a b c
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(i)

(ii)

 = 
1 2 3

1 2 3

1 2 3

a a a

b b b

k a k a k a

 = 0 ( R
2
 R

3
 )

  

102 18 36

1 3 4

17 3 6

6(17) 6(3) 6(6) 17 3 6102 18 36

1 3 4 1 3 4 6 1 3 4 0

17 3 6 17 3 6 17 3 6

( 3  )

5  

1 1 2 2 3 3

1 2 3

1 2 3

a a a

b b b

c c c

 = 

1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

a a a

b b b b b b

c c c c c c

=
1 1 2 2 3 3

1 2 3

1 2 3

a a a

b b b

c c c

 = (a
1
 + 

1
) (b

2
 c

3
 – c

2
 b

3
) – (a

2
 + 

2
) (b

1
 c

3
 – b

3
 c

1
)

+ (a
3
 + 

3
) (b

1
 c

2
 – b

2
 c

1
)
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= a
1
 (b

2
 c

3
 – c

2
 b

3
) – a

2
 (b

1
 c

3
 – b

3
 c

1
) + a

3
 (b

1
 c

2
 – b

2
 c

1
)

+ 
1
 (b

2
 c

3
 – c

2
 b

3
) – 

2
 (b

1
 c

3
 – b

3
 c

1
) + 

3
 (b

1
 c

2
 – b

2
 c

1
)

( )

 =
1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

a a a

b b b b b b

c c c c c c

 = 

2 2 2 0

a b c

a x b y c z

x y z

2 2 2

a b c

a x b y c z

x y z

  = 2 2 2

a b c a b c

a b c x y z

x y z x y z

( )

= 0 + 0 = 0 ( )

  R
i
   R

i
 + kR

j
 C

i
  C

i
 + k C

j
 

 =

1 2 3

1 2 3

1 2 3

a a a

b b b

c c c
 

1
 = 

1 1 2 2 3 3

1 2 3

1 2 3

a k c a k c a k c

b b b

c c c

,


1 

R
1
  R

1
 + kR

3
 

 (R
3
) k (R

1
) 

 R
1
  R

1
 + k R

3
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1
 =

1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

a a a k c k c k c

b b b b b b

c c c c c c

 ( )

=  + 0 (  R
1
 R

3
 )

 = 
1

(i)  R
i
  kR

i
  C

i
  kC

i 


1


1
 = k.

(ii) R
i
  R

i
 + kR

j
 

 = 
32 3 2 4 3 2

3 6 3 10 6 3

a a b a b c

a a b a b c a

a a b a b c

   R
2
  R

2
 – 2R

1
 R

3
  R

3
 – 3R

1
 

 = 0 2

0 3 7 3

a a b a b c

a a b

a a b

R
3
  R

3
 – 3R

2 
, 

 = 0 2

0 0

a a b a b c

a a b

a

C
1 

 =
2

0

a a b
a

a
 + 0 + 0

= a (a2 – 0) = a (a2) = a3 
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 = 0

1 1 1

x y y z z x

z x y

   R
1
  R

1
 + R

2 

 =

1 1 1

x y z x y z x y z

z x y

R
1
 R

3
 

= 0

 =

1

1

1

a bc

b c a

c ab

  R
2
  R

2
 – R

1
 R

3
  R

3
 – R

1
, 

 =

1

0 ( )

0 ( )

a bc

b a c a b

c a b a c

R
2
  R

3 
(b – a) (c – a) 

 =

1

( ) ( ) 0 1 –

0 1 –

a bc

b a c a c

b

= (b – a) (c – a) [(– b + c)] ( )

= (a – b) (b – c) (c – a)
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4

b c a a

b c a b abc

c c a b

 =

b c a a

b c a b

c c a b

R
1
  R

1
 – R

2
 – R

3
 

 =

0 –2 –2c b

b c a b

c c a b

R
1 

 = 0 – (–2 )
c a b b b

c
c a b c a b

 (–2 )
b c a

b
c c

= 2 c (a b + b2 – bc) – 2 b (b c – c2 – ac)

= 2 a b c + 2 cb2 – 2 bc2 – 2 b2c + 2 bc2 + 2 abc

= 4 abc

 x, y, z 

2 3

2 3

2 3

1

1 0

1

x x x

y y y

z z z

,

1 + xyz = 0

 = 

2 3

2 3

2 3

1

1

1

x x x

y y y

z z z

 =

2 2 3

2 2 3

2 2 3

1

1

1

x x x x x

y y y y y

z z z z z

 ( )
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=

2 2

2 2 2

2 2

1 1

( 1) 1 1

1 1

x x x x

y y xyz y y

z z z z

 (C
3
C

2
 C

1
  C

2 
)

=

2

2

2

1

1 (1 )

1

x x

y y xyz

z z

=

2

2 2

2 2

1

1 0

0

x x

xyz y x y x

z x z x

(R
2
R

2
– R

1
  R

3
 R

3
–R

1 

R
2
 (y – x) R

3 
(z – x) 

 =

21

(1+ ) ( – ) ( – ) 0 1

0 1

x x

xyz y x z x y x

z x

= (1 + xyz) (y – x) (z – x) (z – y)  (C
1
 

 = 0  x, y  z  

x – y  0, y – z  0, z – x  0, 1 + xyz = 0 

 

1 1 1
1 1 1

1 1 1 1

1 1 1

a

b abc abc bc ca ab
a b c

c

  R
1
, R

2
 R

3  
a, b  c 

 =

1 1 1
1

1 1 1
1

1 1 1
1

a a a

abc
b b b

c c c

R
1
 R

1 
+ R

2 
+ R

3 
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 =

1 1 1 1 1 1 1 1 1
1 1 1

1 1 1
1

1 1 1
1

a b c a b c a b c

abc
b b b

c c c

        





 =

1 1 1

1 1 1 1 1 1
1+ 1

1 1 1
1

abc
a b c b b b

c c c

    
 



C
2 
 C

2 
– C

1
 C

3 
 C

3 
– C

1 

 =

1 0 0

1 1 1 1
1+ 1 0

1
0 1

abc
a b c b

c

   
 

=  1 1 1
1 1 1– 0abc

a b c
        

=
1 1 1

1+abc
a b c

   
 

 = abc + bc + ca + ab = 

     C
1
  C

1
 – C

2
  C

3
  C

3
 – C

2
, 

C
1
 C

1 
– a C

3
 

  4.2

1. 0

x a x a

y b y b

z c z c


 


2. 0

a b b c c a

b c c a a b

c a a b b c

3. 

2 7 65

3 8 75 0

5 9 86
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4.

 
 
 

1

1 0

1

bc a b c

ca b c a

ab c a b


 


5. 2

b c q r y z a p x

c a r p z x b q y

a b p q x y c r z

  
   
  

6.

0

0 0

0

a b

a c

b c


      7.

2

2 2 2 2

2

4

a ab ac

ba b bc a b c

ca cb c


 



8. (i)     

2

2

2

1

1

1

a a

b b a b b c c a

c c

   

(ii)      
3 3 3

1 1 1

a b c a b b c c a a b c

a b c

     

9.

2

2

2

x x yz

y y zx

z z xy
= (x – y) (y – z) (z – x) (xy + yz + zx)

10. (i)    2

4 2 2

2 4 5 4 4

2 2 4

x + x x

x x + 2x x x

x x x+

  

(ii)  
2 3

y + k y y

y y + k y k y k

y y y + k

11. (i)  
3

2 2

2 2

2 2

a b c a a

b b c a b a b c

c c c a b

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



        131

(ii)   3
2

2 2

2

x y z x y

z y z x y x y z

z x z x y

 
    

 

12.

2

22 3

2

1

1 1

1

x x

x x x

x x

13.  
2 2

32 2 2 2

2 2

1 2 2

2 1 2 1

2 2 1

a b ab b

ab a b a a b

b a a b

  

    

  

14.

2

2 2 2 2

2

1

1 1

1

a ab ac

ab b bc a b c

ca cb c

 15 16 

15. A 3 × 3 | kA| 

(A) k | A | (B) k2 | A | (C) k3 | A | (D) 3k | A |

16.

(A)

(B)

(C)

(D)

4.4  (Area of a Triangle)

(x
1
, y

1
), (x

2
, y

2
)  (x

3
, y

3
),

 
1

2
[x

1
(y

2
–y

3
) + x

2
 (y

3
–y

1
) + x

3
 (y

1
–y

2
)] 

 =

1 1

2 2

3 3

1
1

1
2

1

x y

x y

x y
... (1)
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(i)

(ii)

(iii)

(3, 8), (–  4, 2) (5, 1) 

 =

3 8 1
1

4 2 1
2

5 1 1

–    =       1
3 2 1 8 4 5 1 4 10

2
– – – – – –   

 =  1 61
3 72 14

2 2
– 

 A(1, 3) B (0, 0) 

k D(k, 0)  ABD 

3 

 AB P (x, y)  ABP =  0 ( ?)

0 0 1
1

1 3 1
2

1x y

 = 0

 1
3

2
y – x  = 0  y = 3x

AB 

 ABD 

1 3 1
1

0 0 1
2

0 1k

 = ± 3    
3

3
2

k
  , i.e., k =   2
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1.

(i) (1, 0), (6, 0), (4, 3) (ii) (2, 7), (1, 1), (10, 8)

(iii) (–2, –3), (3, 2), (–1, –8)

2.  A (a, b + c), B (b, c + a) C (c, a + b) 

3. k 4 

(i) (k, 0), (4, 0), (0, 2) (ii) (–2, 0), (0, 4), (0, k)

4. (i)  (1, 2)  (3, 6) 

(ii)  (3, 1)  (9, 3) 

5. (2, –6), (5, 4) (k, 4) k 

(A) 12 (B) –2 (C) –12, –2 (D) 12, –2

4.5  (Minor and Co-factor)

 a
ij 

i j 
a

ij
 a

ij
 M

ij
 

 n(n  2) n – 1 

1 2 3

4 5 6

7 8 9

   

 = M
23

M
23

 =
1 2

7 8  = 8 – 14 = – 6 ( R
2
  C

3
 )
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a
ij  

A
ij
 

A
ij
 = (–1)i + j M

ij
,

a
ij   

M
ij
 

 
1 2

4 3

–
 

a
ij
 M

ij 

a
11

 = 1, M
11

 = a
11

= 3

M
12

 =  a
12

 = 4

M
21

 =  a
21

 = – 2

M
22

 = a
22

 = 1

 a
ij
 A

ij 

A
11

 = (–1)1 + 1  M
11

 = (–1)2 (3) = 3

A
12

 = (–1)1 + 2  M
12

 = (–1)3 (4) = – 4

A
21

 = (–1)2 + 1  M
21

 = (–1)3 (–2) = 2

A
22

 = (–1)2 + 2  M
22

 = (–1)4 (1) = 1

 =  

11 12 13

21 22 23

31 32 33

a a a

a a a

a a a
 a

11
  a

21
 

a
11 

= M
11

 = 
22 23

32 33

a a

a a
 = a

22
 a

33
– a

23
 a

32

a
11

 = A
11

 = (–1)1+1  M
11

 = a
22

 a
33

 – a
23 

a
32

a
21

 = M
21

 = 
12 13

32 33

a a

a a
 = a

12
 a

33
 – a

13 
a

32

a
21

 = A
21

 = (–1)2+1  M
21

 = (–1) (a
12 

a
33 

– a
13 

a
32

) = – a
12 

a
33 

+ a
13 

a
32
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 R
1

 = (–1)1+1 a
11

 
22 23

32 33

a a

a a + (–1)1+2 a
12

 
21 23

31 33

a a

a a  + (–1)1+3  a
13

 
21 22

31 32

a a

a a

= a
11 

A
11

 + a
12 

A
12

 + a
13 

A
13

, a
ij
 A

ij 

= R
1
 

 R
2
, R

3
, C

1
, C

2
 C

3 

 , 


  = a

11 
A

21
 + a

12 
A

22

+ a
13 

A
23

 
 

 = a
11

 (–1)1+1 
12 13

32 33

a a

a a + a
12

 (–1)1+2 11 13

31 33

a a

a a
+ a

13
 (–1)1+3 11 12

31 32

a a

a a

=

11 12 13

11 12 13

31 32 33

a a a

a a a

a a a
 = 0 ( R

1
 R

2
 )

  

2 3 5

6 0 4

1 5 7

–

–

a
11

 A
31

 + a
12 

A
32

 + a
13 

A
33

= 0 

   M
11

 = 
0 4

5 7–  = 0 –20 = –20;  A
11

 = (–1)1+1 (–20) = –20

M
12

 = 
6 4

1 7–  = – 42 – 4 = – 46;  AA
12

 = (–1)1+2 (– 46) = 46

M
13

 = 
6 0

1 5  = 30 – 0 = 30;  A
13

 = (–1)1+3 (30) = 30
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M
21

 = 
3 5

5 7

–

–  = 21 – 25 = – 4;   AA
21

 = (–1)2+1 (– 4) = 4

M
22

 = 
2 5

1 7–  = –14 – 5 = –19;   AA
22

 = (–1)2+2 (–19) = –19

M
23

 = 
2 3

1 5

–
 = 10 + 3 = 13;  A

23
 = (–1)2+3 (13) = –13

M
31

 = 
3 5

0 4

–
 = –12 – 0 = –12;   AA

31
 = (–1)3+1 (–12) = –12

M
32

 = 
2 5

6 4  = 8 – 30 = –22;  A
32

 = (–1)3+2 (–22) = 22

M
33

 = 
2 3

6 0

–
 = 0 + 18 = 18;  A

33
 = (–1)3+3 (18) = 18

a
11 

= 2, a
12

 = –3, a
13

 = 5;  A
31

 = –12, A
32

 = 22, A
33

 = 18 

a
11

 A
31 

+ a
12 

A
32

 + a
13 

A
33

         = 2 (–12) + (–3) (22) + 5 (18) = –24 – 66 + 90 = 0

1. (i)  
2 4

0 3

–
(ii)

a c

b d

2. (i)  

1 0 0

0 1 0

0 0 1

(ii)

1 0 4

3 5 1

0 1 2

–

3.   = 

5 3 8

2 0 1

1 2 3
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4.   = 

1

1

1

x yz

y zx

z xy

5.   = 
11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

 a
ij  

 AA
ij
  

(A) a
11 

A
31

+ a
12 

A
32

 + a
13 

A
33

(B) a
11 

A
11

+ a
12 

A
21

 + a
13 

A
31

(C) a
21 

A
11

+ a
22 

A
12

 + a
23 

A
13

(D) a
11 

A
11

+ a
21 

A
21

 + a
31 

A
31

4.6  (Adjoint and Inverse of a Matrix)

A–1 

4.6.1  (Adjoint of a matrix)

 A = [a
ij
] [A

ij
] 

A
ij

a
ij 
 A adj A 

A =
11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

 

adj A =
11 12 13

21 22 23

31 32 33

A A A

A A A

A A A

11 21 31

12 22 32

13 23 33

A A A

= A A A

A A A

 
 
 
  

 
2 3

A =
1 4
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  A
11

 = 4, A
12

 = –1, A
21

 = –3, A
22

 = 2

adj A =
11 21

12 22

A A 4 –3
 =

A A –1 2

   
   

  

  2 × 2  A = 
11 12

21 22

a a

a a

 
 
 

 adj A, a
111

 a
22

 

a
12

 a
21 

 

A n  A(adj A) = (adj A) A = ,  I, n 

A =
11 12 13

21 22 23

31 32 33

a a a

a a a

a a a
,  

11 21 31

12 22 32

13 23 33

A A A

A = A A A

A A A

adj

 
 
 
  

|A | 

A (adj A) =

A 0 0

0 A 0

0 0 A

 
 
 
  

 = A  

1

0 0

0 0

0 0

 
 
 
  

 = A  I

(adj A) A = |A | I

A (adj A) = (adj A) A = |A | I 
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A (singular)  A  = 0 

 A = 
1 2

4 8    A A 

  A  (non-singular) A   0

A = 
1 2

3 4
 A = 

1 2

3 4
 = 4 – 6 = – 2  0 

 A 

A B AB BA 

AB  = A  B , A  B 

(adj A) A = A  I = 

A 0 0

0 A 0

0 0 A

( A) Aadj  =

A 0 0

0 A 0

0 0 A

|(adj A)| |A| =
3

1 0 0

A 0 1 0

0 0 1

( ?)

|(adj A)| |A| = 3
A  (1)

|(adj A)| = 2
A

n A |adj A| = |A |n – 1 
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 A A 

n A n I

n B  AB = BA = I

 AB = I   |AB| = | I |    |A | |B | = 1    ( | I | = 1, |AB| = |A | |B |)

|A |  0. A 

 A |A |  0

A (adj A) = (adj A) A = A I ( )

A 
1 1

A A A I
| A | | A |

adj adj
       
   

AB = BA = I, B = 
1

A
| A |

adj

A A–1 = 
1

A
| A |

adj

   A = 

1 3 3

1 4 3

1 3 4
 A. adj A = A . I A–1

  A  = 1 (16 – 9) –3 (4 – 3) + 3 (3 – 4) = 1  0

  A
11

 = 7,  A
12

 = –1, A
13

 = –1, A
21

 = –3, A
22

 = 1, A
23

 = 0, A
31

 = –3, A
32

 = 0, A
33

 = 1

adj A =

7 3 3

1 1 0

1 0 1

  
  
  

A.(adj A) =

1 3 3 7 3 3

1 4 3 1 1 0

1 3 4 1 0 1
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=

7 3 3 3 3 0 3 0 3

7 4 3 3 4 0 3 0 3

7 3 4 3 3 0 3 0 4

=

1 0 0

0 1 0

0 0 1

 = (1)  

1 0 0

0 1 0

0 0 1

 = A . I

1 1
A A

A
adj  =

7 3 3
1

1 1 0
1

1 0 1
 

7 3 3

1 1 0

1 0 1

  A = 
2 3 1 2

, B
1 4 1 3 , (AB)–1 = B–1A–1 

AB = 
2 3 1 2 1 5

1 4 1 3 5 14

      
            

 AB  = –11  0, (AB)–1 

(AB)–1 = 
14 51 1

. (AB)
5 1AB 11

adj
  

    
 

14 51

5 111

 
  

 

A  = –11  0 B  = 1  0.  AA–1 B–1 

1 1
4 3 3 21

A ,B
1 2 1 111

 
    

       

1 1
3 2 4 31

B A
1 1 1 211

 
14 51

5 111
 

14 51

5 111

 
  

 

(AB)–1 = B–1 A–1 

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



142        

  A = 
2 3

1 2  A2 – 4A + I
 
= O, I

2 × 2 O,   2 × 2
A–1 

 2 2 3 2 3 7 12
A A.A

1 2 1 2 4 7

     
       

     

A2 – 4A + I =
7 12 8 12 1 0

4 7 4 8 0 1

0 0
O

0 0

 
  
 

A2 – 4A + I = O

A A – 4A = – I

A  A (A–1) – 4 A A–1 = – I A–1 (  A–1 |A|  0)

A (A A–1) – 4I = – A–1

AI – 4I = – A–1

A–1 = 4I – A  = 
4 0 2 3 2 3

0 4 1 2 1 2

     
           

A–1 =
2 3

1 2

adjoint

1.
1 2

3 4
2.

1 1 2

2 3 5

2 0 1

 A (adj A) = (adj A) .A = A . I 

3.
2 3

4 6 4.

1 1 2

3 0 2

1 0 3
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11 

5.
2 2

4 3 6.
1 5

3 2 7.

1 2 3

0 2 4

0 0 5

8.

1 0 0

3 3 0

5 2 1
9.

2 1 3

4 1 0

7 2 1
10.

1 1 2

0 2 3

3 2 4

11.

1 0 0

0 cos sin

0 sin cos

12.  A = 
3 7

2 5   B = 
6 8

7 9
  (AB)–1 = B–1 AA–1 

13.  A = 
3 1

1 2   A2 – 5A + 7I = O  A–1 

14.  A = 
3 2

1 1  a b 

A2 + aA + bI = O 

15.  A = 

1 1 1

1 2 3

2 1 3

  AA3– 6A2 + 5A + 11 I = O  

 A–1 

16.  A = 

2 1 1

1 2 1

1 1 2
,  A3 – 6A2 + 9A – 4I = O 

 A–1 
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17.  A,  3 × 3 |adj A | 

(A) | A | (B) | A |2 (C) | A |3 (D) 3 |A |

18.  A  det (A–1) 

(A) det (A) (B)
1

det (A) (C) 1 (D) 0

4.7  Applications of Determinants and
Matrices)

  

4.7.1  (Solution of a system
of linear equations using inverse of a matrix)

a
1
 x + b

1 
y + c

1
 z = d

1

a
2
 x + b

2 
y + c

2
 z = d

2

a
3
 x + b

3 
y + c

3
 z = d

3

1 1 1

2 2 2

3 3 3

A ,

a b c

a b c

a b c
X =

1

2

3

B

x d

y d

z d

AX = B 

1 1 1

2 2 2

3 3 3

a b c x

a b c y

a b c z
 =

1

2

3

d

d

d
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A AX = B 

A–1 (AX) = A–1 B (A–1 )

(A–1A) X = A–1 B ( )

I X = A–1 B

X = A–1 B

 A |A | = 0 

(adj A) B 

 (adj A) B  O, (O ), 

 (adj A) B = O, 

2x + 5y = 1
3x + 2y = 7

AX = B 

2 5 1
A ,X B

3 2 7

x

y

, A  = –11  0,  A  

A–1 =
2 51

3 211

X = A–1B =
2 5 11

3 2 711

331

1111

x

y
 =

3

1

x = 3, y = – 1
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3x – 2y + 3z = 8

2x + y – z = 1

4x – 3y + 2z = 4

AX = B 

3 2 3 8

A 2 1 1 , X B 1

4 3 2 4

x

y

z

A  = 3 (2 – 3) + 2(4 + 4) + 3 (– 6 – 4) = – 17  0 

A

A
11

 = –1, A
12

 = – 8, A
13

 = –10

A
21

 = –5, A
22

 = – 6, A
23

 = 1

A
31

 = –1, A
32

 = 9, A
33

 = 7

A–1 =

1 5 1
1

8 6 9
17

10 1 7

   
    
  

X = –1

1 5 1 8
1

A B = 8 6 9 1
17

10 1 7 4

     
        
      

x

y

z

 
 
 
  

 =

17 1
1

34 2
17

51 3

   
        
      

x = 1, y = 2 z = 3
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x, y  z, 

x + y + z = 6

y + 3z = 11

x + z = 2y

x – 2y + z = 0

 A X = B 

A = 

1 1 1

0 1 3

1 2 1–

, X = 

x

y

z
  B = 

6

11

0

 

 A 1 1 6 0 1 3 1 9 0–  adj A  

A
11

 = 1 (1 + 6) = 7, A
12

 = – (0 – 3) = 3, A
13

 = – 1

A
21

 = – (1 + 2) = – 3, A
22

 = 0, A
23

 = – (– 2 – 1) = 3

A
31

 = (3 – 1) = 2, A
32

 = – (3 – 0) = – 3, A
33

 = (1 – 0) = 1

 adj A = 

7 –3 2

3 0 –3

–1 3 1

 
 
 
  

A –1 =
1

A
 adj. (A) = 

7 3 2
1

3 0 3
9

1 3 1

–

–

–

 
 
 
  

X = A–1 B

X =

7 3 2 6
1

3 0 3 11
9

1 3 1 0

–

–

–

   
   
   
      

x

y

z
 =

1

9
 

42 33 0

18 0 0

6 33 0

  
   
    

 = 
1

9
 

9

18

27
 = 

1

2

3

x = 1, y = 2, z = 3
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1. x + 2y = 2 2. 2x – y = 5 3. x + 3y = 5

2x + 3y = 3 x + y = 4 2x + 6y = 8

4. x + y + z = 1 5. 3x–y – 2z = 2 6. 5x – y + 4z = 5

2x + 3y + 2z = 2 2y – z = –1 2x + 3y + 5z = 2

ax + ay + 2az = 4 3x – 5y = 3 5x – 2y + 6z = –1

7. 5x + 2y = 4 8. 2x – y = –2 9. 4x – 3y = 3

7x + 3y = 5 3x + 4y = 3 3x – 5y = 7

10. 5x + 2y = 3 11. 2x + y + z = 1 12. x – y + z = 4

3x + 2y = 5 x – 2y – z = 
3

2
2x + y – 3z = 0

3y – 5z = 9 x + y + z = 2

13. 2x + 3y +3 z = 5 14. x – y + 2z = 7

x – 2y + z = – 4 3x + 4y – 5z = – 5

3x – y – 2z = 3 2x – y + 3z = 12

15.  A = 

2 3 5

3 2 4

1 1 2

–

–

–

 
 
 
  

 A–1 A–1 

2x – 3y + 5z = 11

3x + 2y – 4z = – 5

x + y – 2z = – 3

16. kg kg kg Rs kg kg

kg Rs kg kg kg 

Rs kg  
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 a, b, c 

= 

a b c

b c a

c a b

 

C
1
  C

1 
+ C

2
 + C

3
 

 =

a b c b c

a b c c a

a b c a b

 
 
 

 = (a + b + c) 

1

1

1

b c

c a

a b

= (a + b + c) 

1

0

0

b c

c – b a – c

a – b b – c

(R
2
R

2
–R

1
, R

3
R

3
–R

1 
)

= (a + b + c) [(c – b) (b – c) – (a – c) (a – b)]   (C
1 

)

= ( a + b + c)(– a2 – b2 – c2 + ab + bc + ca)

=
1

2

–
 (a + b + c) (2a2 + 2b2 + 2c2 – 2ab – 2bc – 2ca)

=
1

2

–
 (a + b + c) [(a – b)2 + (b – c)2

 
+ (c – a)2]

( a + b + c > 0  (a – b)2  + (b – c)2
 
+ (c – a)2

 
> 0)

 a, b, c 

 =

2 4 5 7 8

3 5 6 8 9

4 6 7 9 10

y y y a

y y y b

y y y c

  
  
  

 R
1
 R

1 
+ R

3 
– 2R

2
 

 =

0 0 0

3 5 6 8 9

4 6 7 9 10

y y y b

y y y c

  
  

 = 0 (  2b = a + c)
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 =

 
 

 

2

2

2

y z xy zx

xy x z yz

xz yz x y







= 2xyz (x + y + z)3

  R
1
  xR

1
, R

2
  yR

2 
,
 
R

3
  zR

3
 xyz, 

 =

2 2 2

22 2

22 2

1
x y z x y x z

xy y x z y z
xyz

xz yz z x y

C
1
 , C

2
  C

3 
x, y, z 

 =

 
 

 

2 2 2

22 2

22 2

y z x x
xyz

y x z y
xyz

z z x y







C
2
  C

2
– C

1
, C

3
  C

3
– C

1
,
 

 =

     
 

 

2 2 22 2

22 2

22 2

–

0

0 –

y z x y z x y z

y x z y

z x y z

   

 



 C
2
  C

3 
(x + y + z) 

 = (x + y + z)2 

     
 

 

2

2

2

y

0

0

z x – y z x – y z

y x z – y

z x y – z

  




R
1
  R

1
 – (R

2
 + R

3
) 

 = (x + y + z)2 
 

2

2

2 2 2

+ 0

0 – z

yz – z – y

y x y z

z x y




Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



        151

C
2
  (C

2
 + 

1

y
 C

1
) 3 3 1

1
C C C

z

 = (x + y + z)2 
 

2

2

2

2

2 0 0yz

y
y x z

z
z

z x y
y

R
1 

 = (x + y + z)2 (2yz) [(x + z) (x + y) – yz] = (x + y + z)2 (2yz) (x2 + xy + xz)

   = (x + y + z)3 (2xyz)

1 1 2 2 0 1

0 2 3 9 2 3

3 2 4 6 1 2

– –

– –

– –

 

x – y + 2z = 1

2y – 3z = 1

3x – 2y + 4z = 2

1 1 2 2 0 1

0 2 3 9 2 3

3 2 4 6 1 2

– –

– –

– –

   
   
   
      

= 

2 9 12 0 2 2 1 3 4

0 18 18 0 4 3 0 6 6

6 18 24 0 4 4 3 6 8

       
       
        

 = 

1 0 0

0 1 0

0 0 1

1

1 1 2 2 0 1

0 2 3 9 2 3

3 2 4 6 1 2

–

– –

– –

– –
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1 –1 2 1

0 2 –3 1

3 –2 4 2

x

y

z

     
          
         

x

y

z

 =

1
1 1 2 1

0 2 3 1

3 2 4 2

   
      
      

 
= 

2 0 1

9 2 3

6 1 2

–

–

–
  

1

1

2

=

2 0 2 0

9 2 6 5

6 1 4 3

     
        
       

x = 0, y = 5 z = 3

 =
2(1 )

a bx c dx p qx a c p

ax b cx d px q x b d q

u v w u v w

  R
1
  R

1
 – x R

2
 

D =

2 2 2(1 ) (1 ) (1 )a x c x p x

ax b cx d px q

u v w

=
2(1 )

a c p

x ax b cx d px q

u v w

R
2
  R

2
 – x R

1
, 

 =
2(1 )

a c p

x b d q

u v w
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1.

sin cos

– sin – 1

cos 1

x

x

x

 



,  

2.    

2 2 3

2 2 3

2 2 3

1

1

1

a a bc a a

b b ca b b

c c ab c c

3.  

cos cos cos sin – sin

–sin cos 0

sin cos sin sin cos

    
 

    
 

4.  a, b  c 

 = 0

b c c a a b

c a a b b c

a b b c c a

a + b + c = 0  a = b = c 

5. a  0 0

x a x x

x x a x

x x x a


 



6.

2 2

2 2

2 2

a bc ac c

a ab b ac

ab b bc c

 =  4a2b2c2

7. A–1 = 
1

3 1 1 1 2 2

15 6 5 B 1 3 0 AB

5 2 2 0 2 1

– –

– – – ,

– –
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8.  A = 

1 2 1

2 3 1

1 1 5

–

–  

(i) [adj A]–1 = adj (A–1) (ii) (A–1)–1 = A

9.  

x y x y

y x y x

x y x y






10.   

1

1

1

x y

x y y

x x+ y



11.

2

2

2

    
    
   

 = ( – )  ( – ) ( – )  ( +  + )

12.

2 3

2 3

2 3

1

1

1

x x px

y y py

z z pz

 = (1 + pxyz) (x – y) (y – z) (z – x),

13.

3

3

a 3c

a – a+b – a+ c

–b a b –b c

– c – c+b

 


 = 3(a + b + c) (ab + bc + ca)

14.

1 1 1

2 3 2 4 3 2

3 6 3 10 6 3

p p q

p p q

p p q

  
  
  

 = 1
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15.

 
 
 

sin cos cos

sin cos cos 0

sin cos cos

    
     
    

16.

2 3 10
4

x y z

4 6 5
1–

x y z

6 9 20
2–

x y z

17.  a, b, c 

2 3 2

3 4 2

4 5 2

x x x a

x x x b

x x x c

  
  
  

 

(A) 0 (B) 1 (C) x (D) 2x

18.  x, y, z 

0 0

A 0 0

0 0

x

y

z

 
   
  

(A)

1

1

1

0 0

0 0

0 0

x

y

z







 
 
 
 
 

(B)

1

1

1

0 0

0 0

0 0

x

xyz y

z







 
 
 
 
 

(C)

0 0
1

0 0

0 0

x

y
xyz

z

 
 
 
  

(D)

1 0 0
1

0 1 0

0 0 1
xyz
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19.   A = 

1 sin 1

sin 1 sin

1 sin 1
,  0  2 

(A) det (A) = 0 (B) det (A)  (2, )

(C) det (A)  (2, 4) (D) det (A)  [2, 4].

  11 1 1A [ ]a  11 111 1
a a

  11 12

21 22

A
a a

a a
 

11 12

21 22

A
a a

a a
 = a

11
 a

22
 – a

12
 a

21 

  
1 1 1

2 2 2

3 3 3

A

a b c

a b c

a b c

 R
1 

)

1 1 1
2 2 2 2 2 2

2 2 2 1 1 1
3 3 3 3 3 3

3 3 3

A

a b c
b c a c a b

a b c a b c
b c a c a b

a b c

   

 A  |A| 

 A = A ,   A = A A 




    k, 
 k 
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   k 
  k 

  3
3 3A [ ] , .A Aija k k





 (x
1
, y

1
), (x

2
, y

2
)   (x

3
, y

3
) 

1 1

2 2

3 3

1
1

1
2

1

x y

x y

x y



 A   a
ij
 i 

j M
ij
 

 a
ij
  A

ij
 = (– 1)i+j M

ij 

 A  A = a
111

 A
11

 + a
12

 A
12

 + a
13

 A
13

 



a
11 

A
21 

+ a
12 

A
22 

+ a
13

 A
23

 = 0

  
11 12 13

21 22 23

31 32 33

A ,

a a a

a a a

a a a

 
   
  

  
11 21 31

12 22 32

13 23 33

A A A

A A A A

A A A

adj

 
   
  

a
ij 
  A

ij
 

 A (adj A) = (adj A) A = A I,   A,  n 

 A  = 0

 A  0
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   AB = BA = I,   B   A B 
A–1 = B   B–1 = A   (A–1)–1 = A

  A   A 


–1 1

A ( A)
A

adj

 a
1 
x

 
+ b

1
 y + c

1
 z = d

1

a
2 
x

 
+ b

2
 y + c

2
 z = d

2

a
3 
x

 
+ b

3
 y + c

3
 z = d

3

  A X = B 

  
1 1 1 1

2 2 2 2

3 3 3 3

A ,X = B=

a b c x d

a b c y d

a b c z d

  AX = B  X = A–1 B   
 
A 0



 AX = B A

(i) A 0 , 

(ii) A = 0
 

  (adj A) B  O, 

(iii) A = 0
 

  (adj A) B = O,

 (‘Mikami, China, pp 30, 93).

 Seki Kowa 

'Kai Fukudai no Ho' 
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‘T. Hayashi,
“The Fakudoi and Determinants in Japanese Mathematics,” in the proc. of the
Tokyo Math. Soc., V.

Vendermonde 

Laplace

Lagrange

Gauss

Jacques - Philippe - Marie Binet, (1812) 

m- n-

m = n 

Cauchy (1812) 

Binet

 Carl Gustav Jacob Jacobi 

——
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The whole of science is nothing more than a refinement
of everyday thinking.” — ALBERT EINSTEIN 

5.1  (Introduction)

(differentiation) 

(continuity), 
(differentiability) 

(inverse trigonometric) 

 (exponential) (logarithmic) 

differential calculus
obvious

theorems

5.2  (Continuity)

1, 0
( )

2, 0

x
f x

x
real line

 x = 0 x

5

(Continuity and Differentiability)

Sir Issac Newton
(1642-1727)
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x = 0
– 0.1, – 0.01, – 0.001, 

0.1, 0.01,
0.001, limits

x = 0 f  
coincident

x = 0 
in one stroke

x = 0 continuous

1, 0
( )

2, 0

x
f x

x

x = 0 

x = 0 

x = 0

(naively) 
around

precisely

f  
f c f  c 

lim ( ) ( )
x c

f x f c  

x = c 

existence x = c f  

x = c 
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x = c 

 x = c x = c x = c 

x = c x = c 

c f  discontinuous c f point of

discontinuity

  x = 1 f (x) = 2x + 3 

x = 1 

x = 1 

1 1
lim ( ) lim (2 3) 2(1) 3 5
x x

f x x

1
lim ( ) 5 (1)
x

f x f

x = 1  f 

f (x) = x2, x = 0 

x = 0 

x = 0

2 2

0 0
lim ( ) lim 0 0
x x

f x x

0
lim ( ) 0 (0)
x

f x f

x = 0  f  

x = 0  f (x) = | x | 

f (x) =
, 0

, 0

x x

x x

x = 0  f (0) = 0  x = 0 f  

0 0
lim ( ) lim (– ) 0
x x

f x x  
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0  f 

0
lim ( )
x

f x  =
0

lim 0
x

x  

x = 0 

x = 0 f  

f (x) =
3 3, 0

1, 0

x x

x

x = 0 

 x = 0 x = 0 x  0, 

0
lim ( )
x

f x


 = 3 3

0
lim ( 3) 0 3 3
x

x


   

x = 0    f f (0) x = 0 

x = 0 

Constant function

f (x) = k 

k c 

lim ( )
x c

f x


 = lim
x c

k k




c  f (c) = k = lim
x c  f (x)  f 

Identity function

f (x) = x, 

c 

f (c) = c 

lim ( )
x c

f x


 = lim
x c

x c
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lim
x c

f(x) = c = f(c) f  

extension

 f   f 

f  

closed interval [a, b] f  

 [a, b] end points a b 

f  a 

lim ( )
x a

f x


= f (a)

 f b 

–
lim ( )

x b
f x


= f(b)

lim ( )
x a

f x


 lim ( )
x b

f x


f f 
f 

 f (x) = | x | 

f f (x) = 
, 0

, 0

x x

x x

x = 0 f 

 c c < 0   f (c) = – c

lim ( )
x c

f x


 = lim ( ) –
x c

x c


            ( ?)

 lim ( ) ( )
x c

f x f c


 ,  f  

c c > 0  f (c) = c

lim ( )
x c

f x
  = lim

x c
x c


                  ( ?)
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 lim ( ) ( )
x c

f x f c


 , f 

f  

f (x) = x3 + x2 – 1 

 f c c 

c3 + c2 – 1 

lim ( )
x c

f x


 = 3 2 3 2lim ( 1) 1
x c

x x c c


    

lim ( ) ( )
x c

f x f c


  f 

f  

9  f (x) = 
1

x
, x  0 f

( Non-zero)  c 

1 1
lim ( ) lim
x c x c

f x
x c 

 

 c  0, 
1

( )f c
c

  lim ( ) ( )
x c

f x f c


  f 

f 

infinity concept

 f (x) = 
1

x
 x = 0 

essentially x = 0 f 

(  5.1)

x 1 0.3 0.2 0.1 = 10–1 0.01 = 10–2 0.001 = 10–3 10–n

f (x) 1 3.333... 5 10 100 = 102 1000 = 103 10n

x f (x) 
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f (x) 

0
lim ( )
x

f x


  

( f (x)   

ge cy  nsuk pkgr s gSa fd  +  f 

 f  

x – 1 – 0.3 – 0.2 – 10–1 – 10–2 – 10–3 – 10–n

f (x) – 1 – 3.333... – 5 – 10 – 102 – 103 – 10n

f (x) 

0
lim ( )
x

f x


  

(  f (x) 

) 

–  

f  

5.3 

f (x) =
2, 1

2, 1

x x

x x

f 

1  c < 1,  f (c) = c + 2 lim ( ) lim 2 2
x c x c

f x x c
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 f  

 2   c > 1,  f (c) = c – 2 

lim ( ) lim
x c x c

f x
 

 (x – 2) = c – 2 = f (c) 

x > 1 f

 3 c = 1, x = 1 f 

– –1 1
lim ( ) lim ( 2) 1 2 3
x x

f x x
 

    

x = 1 f  

–1 1
lim ( ) lim ( 2) 1 2 1
x x

f x x
 

     

x = 1 f  coincident

x = 1  f f  x  = 1 

 11  f 

f (x) =

2, 1

0, 1

2, 1

x x

x

x x

x  1 f 

x = 1 f  –1 1
lim ( ) lim ( 2) 1 2 3

x x
f x x

x = 1 f  –1 1
lim ( ) lim ( 2) 1 2 1

x x
f x x

 x = 1 f x = 1 f  
f  x = 1  

12  

f (x) =
2, 0

2, 0

x x

x x
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D
1
  D

2
 D

1
 = {x  R : x < 0} 

D
2
 = {x  R : x > 0}

 1  c  D
1
, lim ( ) lim

x c x c
f x  (x + 2) =

c + 2 = f (c) D
1
  f 

 2  c  D
2
,  lim ( ) lim

x c x c
f x  (– x + 2) =

– c + 2 = f (c)  D
2
 f 

 f  
f  

5.6 

 13  

f (x) = 2

, 0

, 0

x x

x x

 5.7

disjoint

D
1
 = {x  R : x < 0}, D

2
 = {0} 

D
3
 = {x  R : x > 0}
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 1 D
1
   f (x) = x2 D

1 

f

 2 D
3
   f (x) = x  D

3 

f

 3 x = 0 f (0) = 0 

f 

2 2
–0 0

lim ( ) lim 0 0
x x

f x x

f

0 0
lim ( ) lim 0

x x
f x x

0
lim ( ) 0
x

f x = f (0) f f

f

 14  

 p, n

p(x) = a
0
 + a

1
 x + ... + a

n
 xn  a

i
  R a

n
  0 

c 

lim ( ) ( )
x c

p x p c

c p c p

p

f (x) = [x] 

[x]

x

f  

5.8 
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x

 c 
c 

[c]; lim ( ) lim [ ] [ ]
x c x c

f x x c
 

    f (c) = [c] 

  c 
r > 0 [c – r] = c – 1 [c + r] = c 

lim
x c

f (x) = c – 1  lim
x c

f (x) = c

c x

5.2.1  (Algebra of continuous functions)

f g c 

(1)  f + g , x = c 

(2) f – g ,  x = c 

(3) f . g ,  x = c 

(4)
f

g
 
 
 

 ,  x = c  ( g (c)  0 )

x = c (f + g) 

lim( )( )
x c

f g x


  = lim [ ( ) ( )]
x c

f x g x


 (f + g )

= lim ( ) lim ( )
x c x c

f x g x
 

 ( )
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= f (c) + g(c)  f g 

= (f + g) (c) f + g 

f + g x = c 

(i) f  

f (x) =  , (. g) (x) = . g (x) 

. g)   = – 1,  f 

– f 

(ii)  (4) f 

f (x) = , ( )
( )

x
g g x

 
 g


 

g(x)  0 g 
1

g
 

 f  

( )
( ) , ( ) 0

( )

p x
f x q x

q x
 

 p q f  q 

f 

sine 

0
lim sin 0
x

x
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  sine 

intuitively

 f (x) = sin x 

c x = c + h x  c h  0 

lim ( )
x c

f x
  = lim sin

x c
x



=
0

lim sin( )
h

c h




=
0

lim [sin cos cos sin ]
h

c h c h




=
0 0

lim [sin cos ] lim [cos sin ]
h h

c h c h
 



= sin c + 0 = sin c = f (c)

 lim
x c

 f (x) = f (c) f 

cosine

f (x) = tan x 

f (x) = tan x = 
sin

cos

x

x
 

cos x  0,  x  (2n +1)
2


   sine 

cosine tan x

composition

 f g 

(f o g) (x) = f (g (x))

 g f 

composite

 f g real valued

c (f o g) c g g (c)  f c  (f o g) 
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f (x) = sin (x2) 

f g h g o h  g (x) = sin x

h (x) = x2 g h 

f 

 f (x) = |1 – x + | x | | f   x

x g  g (x) = 1 – x + | x | h  h (x) = | x | 

(h o g) (x) = h (g (x))

= h (1– x + | x |)

= | 1– x + | x | | = f (x)

 h 

g 

f  

1.  f (x) = 5x – 3, x = 0, x = – 3  x = 5 

2.  x = 3 f (x) = 2x2 – 1 

3.

(a) f (x) = x – 5 (b) f (x) = 
1

5x 
, x 5

(c) f (x) = 
2 25

5

x

x




, x –5 (d) f (x) = | x – 5 |

4.  f (x) = xn , x = n, n 

5.
, 1

( )
5, > 1

x x
f x

x
  f

x = 0, x = 1, x = 2 
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f  f 

6.
2 3, 2

( )
2 3, > 2

x x
f x

x x
7.

| | 3, 3

( ) 2 , 3 3

6 2, 3

x x

f x x x

x x

8.
| |

, 0
( )

0, 0

x
x

f x x
x

9.
, 0

| |( )

1, 0

x
x

xf x

x

10.
2

1, 1
( )

1, 1

x x
f x

x x
11.

3

2

3, 2
( )

1, 2

x x
f x

x x

12.
10

2

1, 1
( )

, 1

x x
f x

x x

13.  
5, 1

( )
5, 1

x x
f x

x x
 

 f , f 

14.

3, 0 1

( ) 4, 1 3

5, 3 10

x

f x x

x

15.

2 , 0

( ) 0, 0 1

4 , > 1

x x

f x x

x x

16.

2, 1

( ) 2 , 1 1

2, 1

x

f x x x

x

17. a b 

1, 3
( )

3, 3

ax x
f x

bx x

x = 3 
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18.  

2( 2 ), 0
( )

4 1, 0

x x x
f x

x x

 x = 0 x =  1 

19. g (x) = x – [x] 

[x] x x

20.  f (x) = x2 – sin x + 5 x =  ?

21.

(a) f (x) = sin x + cos x (b) f (x) = sin x – cos x

(c) f (x) = sin x . cos x

22. cosine, cosecant, secant cotangent 

23. f  

sin
, 0

( )

1, 0

x
x

f x x
x x

24.  f

2 1
sin , 0

( )

0, 0

x x
f x x

x

 

25.  f   f   

sin cos , 0
( )

1, 0

x x x
f x

x

 k  

26.

cos
,

2 2( )

3,
2

k x
x

xf x

x

          x = 
2
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27.
2 , 2

( )
3, 2

kx x
f x

x
 x = 2 

28.
1,

( )
cos ,

kx x
f x

x x
          x =  

29.
1, 5

( )
3 5, 5

kx x
f x

x x
           x = 5 

30. a b 

5, 2

( ) , 2 10

21, 10

x

f x ax b x

x

31.  f (x) = cos (x2) 

32.  f (x) = | cos x | 

33. sin | x | 

34.  f (x) = | x | – | x + 1 |  f

5.3.    (Differentiability)

Derivative

f c c f

0

( ) ( )
lim
h

f c h f c

h

 

c   f f(c) ( ( )) |c
d

f x
dx

0

( ) ( )
( ) lim

h

f x h f x
f x

h

  

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



         177

 f  

f  f  (x) ( ( ))
d

f x
dx

y = f (x) 
dy

dx
y 

differentiation x  f (x) differentiate

f (x) 

(1) (u ± v) = u ± v.
(2) (uv) = uv + uv ( )

(3)
2

u u v uv

v v

      
 

,  v  0 ( )

(standard

0

( ) ( )
lim
h

f c h f c

h

 
 

c f 

c f 
–0

( ) ( )
lim
h

f c h f c

h

 
 

0

( ) ( )
lim
h

f c h f c

h

 
 (finite) [a, b] 

[a, b] 

a b 

a b 

(a, b) (a, b)

f (x) xn sin x cos x tan x

f (x) nxn – 1 cos x – sin x sec2 x
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 3 c 

c f 

( ) ( )
lim ( )
x c

f x f c
f c

x c


 



 x  c 

f (x) – f (c) =
( ) ( )

. ( )
f x f c

x c
x c






lim [ ( ) ( )]
x c

f x f c


  =
( ) ( )

lim . ( )
x c

f x f c
x c

x c

   

lim [ ( )] lim [ ( )]
x c x c

f x f c
 

  =
( ) ( )

lim . lim [( )]
x c x c

f x f c
x c

x c 

    

= f (c) . 0 = 0

lim ( )
x c

f x


 = f (c)

x = c  f  

(converse) 

  f (x) = | x | 

–0

(0 ) (0)
lim 1
h

f h f h

h h

  
  

0

(0 ) (0)
lim 1
h

f h f h

h h

 
 

 
0

(0 ) (0)
lim
h

f h f

h

 

f f
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5.3.1  Differentials of composite functions

f

f (x) = (2x + 1)3

 (2x + 1)3 

( )
d

f x
dx

 =
3(2 1)

d
x

dx
  

=
3 2(8 12 6 1)

d
x x x

dx
  

= 24x2 + 24x + 6

= 6 (2x + 1)2

f (x) = (h o g) (x)

 g(x) = 2x + 1 h(x) = x3   t = g(x) = 2x + 1. f (x) = h(t) = t3.

 
df

dx
 = 6 (2x + 1)2 = 3(2x + 1)2 . 2 = 3t2 . 2 = 

dh dt

dt dx

(2x + 1)100 

chain rule

 4  ( ) f  u v  

f = v o u. t = u (x) 
dt

dx
 

dv

dt
 

df dv dt

dx dt dx

 f  u, v w  

f = (w o u) o v  t = u (x) s = v (t) 

( o )
df d dt dw ds dt

w u
dx dt dx ds dt dx
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f (x) = sin (x2) 

u(x) = x2 

v(t) = sin t 

f (x) = (v o u) (x) = v(u(x)) = v(x2) = sin x2

 t = u(x) = x2 cos
dv

t
dt

  2
dt

x
dx

  

df

dx
 = cos . 2

dv dt
t x

dt dx
x 

df

dx
 = 2cos 2 2 cost x x x

y = sin (x2)  
dy d

dx dx
 (sin x2)

= cos x2 
d

dx
(x2) = 2x cos x2

tan (2x + 3) 

  f (x) = tan (2x + 3), u (x) = 2x + 3  v(t) = tan t 

(v o u) (x) = v(u(x)) = v(2x + 3) = tan (2x + 3) = f (x)

 f  t = u(x) = 2x + 3.  
2sec

dv
t

dt
  

2
dt

dx


22sec (2 3)
df dv dt

x
dx dt dx
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x  sin (cos (x2)) 

 f (x) = sin (cos (x2)) ,  u, v  w, 

 f (x) = (w o v o u) (x), u(x) = x2, v(t) = cos t  w(s) = sin s   t = u(x) = x2 

s = v(t) = cos t cos , sin
dw ds

s t
ds dt

    2
dt

x
dx

  

x 

df dw ds dt

dx ds dt dx
 = (cos s)  (– sin t)  (2x) = – 2x sin x2 cos (cos x2)

y = sin (cos x2)

dy d

dx dx
  sin (cos x2) = cos (cos x2) 

d

dx
 (cos x2)

= cos (cos x2) (– sin x2) 
d

dx
 (x2)

= – sin x2 cos (cos x2) (2x)

= – 2x sin x2 cos (cos x2)

x 

1. sin (x2 + 5) 2. cos (sin x) 3. sin (ax + b)

4. sec (tan ( x )) 5.
sin ( )

cos ( )

ax b

cx d


 6. cos x3 . sin2 (x5)

7.  22 cot x 8.  cos x

9.  f (x) = |x – 1 |, x  R, x = 1 

10.  f (x) =[x], 0 < x < 3, x = 1  x = 2 

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



182        

5.3.2  (Derivatives of Implicit Functions)

 y = f (x) 

x y 

x – y –  = 0

x + sin xy – y = 0

y y = x – 
y 

y x x

 y y 

y = f (x) y x explicit

y x 

implicity

 24  x – y = 
dy

dx
 

y 

y = x – 

dy

dx
 = 1

 x, 

( )
d

x y
dx

  =  
d

dx



 
d

dx


 x 

( ) ( )
d d

x y
dx dx

  = 0

dy

dx
 = 1

dx

dx
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 25  y + sin y = cos x 
dy

dx
 

(sin )
dy d

y
dx dx

  = (cos )
d

x
dx

cos
dy dy

y
dx dx

   = – sin x

dy

dx
 =

sin

1 cos

x

y




y  (2n + 1) 

5.3.3  (Derivatives of Inverse Trigonometric
Functions)

 26  f (x) = sin–1 x 

y = f (x) = sin–1 x x = sin y

x 

1 = cos y 
dy

dx


dy

dx
 = 1

1 1

cos cos(sin )y x

 cos y  0 , sin–1 x  ,
2 2

 
 , 

x  – 1, 1, x  (– 1, 1)
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manipulation

  x  (– 1, 1) sin (sin–1 x) = x 

cos2 y = 1 – (sin y)2 = 1 – (sin (sin–1 x))2 = 1 – x2

 y  ,
2 2

   
 

, cos y cos y = 21 x

x  (– 1, 1) 

2

1 1

cos 1

dy

dx y x
 



 27  f (x) = tan–1 x  

 y = tan–1 x  x = tan y x 

1 = sec2 y 
dy

dx

 2 2 1 2 2

1 1 1 1

sec 1 tan 1 (tan (tan )) 1

dy

dx y y x x   
  

  

 5.4

f (x) cos–1x cot–1x sec–1x cosec–1x

f (x) 2

1

1 x 2

1

1 x


 2

1

1x x 
2

1

1x x





Domain of f  (–1, 1) R (– , –1)  (1, ) (– , –1)  (1, )
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dy

dx
 

1. 2x + 3y = sin x 2. 2x + 3y = sin y 3. ax + by2 = cos y

4. xy + y2 = tan x + y 5. x2 + xy + y2 = 100 6. x3 + x2y + xy2 + y3 = 81

7. sin2 y + cos xy = k 8. sin2 x + cos2 y = 1 9. y = sin–1 2

2

1

x

x

 
  

10. y = tan–1
3

2

3 ,
1 3

x x

x

 
 

 
 

1 1

3 3
x  

11.
2

1
2

1 ,cos 0 1
1

x
y x

x
  

   
 

12.
2

1
2

1 ,sin 0 1
1

x
y x

x
  

   
 

13.
1

2

2 ,cos 1 1
1

x
y x

x
       

14.  1 2 1 1,sin 2 1
2 2

y x x x    

15.
1

2

1 1,sec 0
2 1 2

y x
x

     
 

5.4   (Exponential and Logarithmic Functions)

exponential logarithmic
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 y = f
1
(x) = x, y = f

2
(x) = x2, y = f

3
(x) = x3 y = f

4
(x) = x4 

x 

x (>1) 

y = f
n
(x) 

n

f
n
(x) = xn

n 

y = f
n 
(x) y-

f
10

(x) = x10

f
15

(x) = x15 x  

f
10 

210  f
15 

215 x  f
15   

f
10 

 y = f (x) = 10x 

n   f f
n
 (x) = xn  

f
100 

(x) = x100  

10x x x = 103,

f
100

 (x) = (103)100 = 10300 f (103) = 31010 = 101000  f
100 

(x) f (x)

x  

x > 103 , f (x) > f
100

 (x)   

x n 

f
n
 (x)  f (x)   

 3  y = f (x) = bx,  b > 1 

y = 10x 
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 b 2, 3 4 

(1) R 

(2)

(3)  (0, 1) 

b > 1 b0 = 1)

(4) increasing function

(5) x 

x-

(common exponential

Function) XI A.1.4 

1 1
1 ...

1! 2!
  

e 

e 

y = ex (natural exponential function)

b > 1 

b a x  bx = a 

b a log
b
a bx = a, 

log
b
 a = x 

23 = 8 log
2
 8 = 3 

104 = 10000  log
10

 10000 = 4 625 = 54 = 252  log
5

625 = 4  log
25

 625 = 2 

 b > 1 
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(logarithmic function)

log
b
 : R+  R

x  log
b
 x = y    by = x

b = 10 

b = e 

 ln  

log x e 2,

 10 

b > 1 

(1) non-positive

R+ 

(2)

(3) (1, 0) 

(4)

(5) 0  x 

log x 

y-

(6)  5.11 y = ex y = log
e
 x

y = x 

(1)  log
a
 p log

b
 p 

log
a
 p = , log

b
 p =   log

b
 a =   

 

 

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



         189

a = p, b = p b = a  

(b) = b = p

b = p = b

 =    = 



  

log
a
 p =

b

b

p

a

log

log

(2) log 

log
b
 pq =   b = pq  log

b
 p =  log

b
 q = 

b = p b = q b = pq = bb = b + 

  =  + , 
log

b
 pq = log

b
 p + log

b
 q

 p = q  

log
b
 p2 =  log

b
 p + log

b
 p = 2 log

b
 p

n
log

b
 pn = n log

b
 p

 n 

logb
x

y
 = log

b
 x – log

b
 y

 28  x x = elog x ?

log

y = elog x  y > 0 log y = log (elog x) = log x . log

e = log x  y = x  x = elog x x 

(differential calculus)
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 5*

(1) x ex ex 
d

dx
(ex) = ex

(2) x log x 
1

x
   

d

dx
(log x) = 

1

x

29  x 

(i) e–x (ii) sin (log x), x > 0 (iii) cos–1 (ex) (iv) ecos x

(i) y = e– x     

xdy d
e

dx dx
 (– x) = – e– x

(ii)  y = sin (log x)    

cos (log )
cos(log ) (log )

dy d x
x x

dx dx x

(iii) y = cos–1 (ex)    

2 2

1
( )

1 ( ) 1

x
x

x x

dy d e
e

dx dxe e
.

(iv)  y = ecos x   

cos cos( sin ) (sin )x xdy
e x x e

dx

x 

1.
sin

xe

x
2. 1sin xe

 3. 3xe

4. sin (tan–1 e–x) 5. log (cos ex) 6.
2 5

...x x xe e e  

7. , 0xe x  8. log (log x), x > 1 9.
cos

, 0
log

x
x

x


10. cos (log x + ex)
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5.5.  (Logarithmic Differentiation)

y = f (x) = [u(x)]v (x)

 (e  ) 

log y = v (x) log [u(x)]

1 dy

y dx
 =

1
( )

( )
v x

u x
 . u(x) + v(x) . log [u(x)]

dy

dx
 =

( )
( ) ( ) log ( )

( )

v x
y u x v x u x

u x

f (x) u(x) 

(logarithmic

differentiation)

 30  x
2

2

( 3) ( 4)

3 4 5

x x

x x

 
 

 

 
2

2

( 3) ( 4)

(3 4 5)

x x
y

x x

 


 

log y =
1

2
[log (x – 3) + log (x2 + 4) – log (3x2 + 4x + 5)]

 x, 

1 dy

y dx
 = 2 2

1 1 2 6 4

2 ( 3) 4 3 4 5

x x

x x x x

dy

dx
 = 2 2

1 2 6 4

2 ( 3) 4 3 4 5

y x x

x x x x

=
2

2 2 2

1 ( 3)( 4) 1 2 6 4

2 ( 3)3 4 5 4 3 4 5

x x x x

xx x x x x
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 31  x ax a 

  y = ax, 

log y = x log a
 x, 

1 dy

y dx  = log a

dy

dx
 = y log a

( )xd
a

dx
 = ax log a

( )xd
a

dx
 =

log ) log( ( log )x a x ad d
e e x a

dx dx


= ex log a . log a = ax log a

 32  x xsin x, x > 0 

  y = xsin x  

log y = sin x log x

1
.
dy

y dx  = sin (log ) log (sin )
d d

x x x x
dx dx



1 dy

y dx  =
1

(sin ) log cosx x x
x

dy

dx
 =

sin
cos log

x
y x x

x
   

=
sin sin

cos logx x
x x x

x
   

= sin 1 sinsin cos logx xx x x x x

33  yx + xy + xx = ab dy

dx
 

yx + xy + xx = ab

u = yx, v = xy w = xx u + v + w = ab 

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



         193

du dv dw

dx dx dx
= 0 ... (1)

u = yx 

log u = x log y

x 

1 du

u dx
 = (log ) log ( )

d d
x y y x

dx dx


=
1

log 1
dy

x y
y dx

du

dx
 = log logxx dy x dy

u y y y
y dx y dx

           
   ... (2)

v = xy

log v = y log x
x 

1
.
dv

v dx
 = (log ) log

d dy
y x x

dx dx


=
1

log
dy

y x
x dx

dv

dx
 = log

y dy
v x

x dx
   

= logy y dy
x x

x dx
   

... (3)

w = xx

log w = x log x
x 

1 dw

w dx
 = (log ) log . ( )

d d
x x x x

dx dx


=
1

log 1x x
x
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dw

dx
 = w (1 + log x)

= xx (1 + log x) ... (4)

(1), (2), (3) (4), 

log logx yx dy y dy
y y x x

y dx x dx
          

 + xx (1 + log x) = 0

(x . yx – 1 + xy . log x) 
dy

dx
 = – xx (1 + log x) – y . xy–1 – yx log y

dy

dx
 =

1

1

[ log . (1 log )]

. log

x y x

x y

y y y x x x

x y x x





   


1 11 x 

1. cos x . cos 2x . cos 3x 2.
( 1) ( 2)

( 3) ( 4) ( 5)

x x

x x x

 
  

3. (log x)cos x 4. xx – 2sin x

5. (x + 3)2 . (x + 4)3 . (x + 5)4 6.
1

11
x

xx x
x

  
    

 

7. (log x)x + xlog x 8. (sin x)x + sin–1 x

9. xsin x + (sin x)cos x 10.
2

cos
2

1

1
x x x

x
x






11. (x cos x)x + 
1

( sin ) xx x

12 
dy

dx
12. xy + yx = 1 13. yx = xy

14. (cos x)y = (cos y)x 15. xy = e(x – y)

16.  f (x) = (1 + x) (1 + x2) (1 + x4) (1 + x8) 

f (1) 
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17. (x2 – 5x + 8) (x3 + 7x + 9) 

(i)

(ii)

(iii)

18. u, v w , x , 

d

dx
 (u. v. w) =

du

dx
 v. w + u . 

dv

dx
 . w + u . v 

dw

dx

5.6  (Derivatives of Functions in
Parametric Forms)

(Parameter)

x y  x = f (t), y = g (t) 

t 

dy

dt
 =

dy dx

dx dt

dy

dx
 = 0

dy
dxdt

dx dt
dt

dy

dx
 =

( )
( ) ( )

( )

g t dy dx
g t f t

f t dt dt
[ f (t)  0]

  34  x = a cos , y = a sin  
dy

dx
 

x = a cos , y = a sin 
dx

d
 = – a sin , 

dy

d
 = a cos 
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dy

dx
 =

cos
cot

sin

dy
ad

dx a
d

    
 



  35    x = at2, y = 2at  
dy
dx

 

 x = at2, y = 2at

dx
dt

 = 2at      
dy
dt

= 2a

dy
dx

 =
2 1

2

dy
adt

dx at t
dt

 

  36   x = a ( + sin ), y = a (1 – cos )  
dy
dx

 

 
dx

d
= a(1 + cos ), 

dy
d

 = a (sin )

dy

dx
 =

sin
tan

(1 cos ) 2

dy
ad

dx a
d

   
 




dy

dx
 x y 

  37   
2 2 2

3 3 3 dy
x y a

dx
  

 x = a cos3 , y = a sin3  

2 3

3 2x y  =
2 2

3 33 3( cos ) ( sin )a a  

=
2 2

2 23 3(cos (sin )a a   
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x = a cos3, y = a sin3, 
2 2 2

3 3 3x y a 

dx

d
 = – 3a cos2  sin  

dy

d
 = 3a sin2  cos 

dy

dx
 =

2

3
2

3 sin cos
tan

3 cos sin

dy
a yd

dx xa
d

       
  



 x y 

dy
dx

1. x = 2at2, y = at4 2. x = a cos , y = b cos 

3. x = sin t, y = cos 2t 4. x = 4t, y = 
4

t
5. x = cos  – cos 2, y = sin  – sin 2

6. x = a ( – sin ), y = a (1 + cos ) 7. x = 
3sin

cos 2

t

t
, 

3cos

cos2

t
y

t


8. cos log tan
2

t
x a t

   
 

 y = a sin t 9. x = a sec , y = b tan 

10. x = a (cos  + sin ),  y = a (sin  – cos )

11.  
1 1sin cos, ,t t dy y

x a y a
dx x

5.7  (Second Order Derivative)

y = f (x) 

dy

dx
 = f (x) ... (1)
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 f (x) x 

d dy

dx dx
 
 
 

 Second Order Derviative

2

2

d y

dx
 f (x) f (x) 

 y = f (x)  D2(y) y y
2
 

 38  y = x3 + tan x
2

2

d y

dx
 

 y = x3 + tan x 

dy

dx
 = 3x2 + sec2 x

2

2

d y

dx
 =  2 23 sec

d
x x

dx


= 6x + 2 sec x . sec x tan x = 6x + 2 sec2 x tan x

 39  y = A sin x + B cos x 
2

2
0

d y
y

dx
 

dy

dx
 = A cos x – B sin x

2

2

d y

dx
 =

d

dx
 (A cos x – B sin x)

= – A sin x – B cos x = – y
2

2

d y

dx
 + y = 0

 40    y = 3e2x + 2e3x 
2

2
5 6 0

d y dy
y

dxdx
  

  y = 3e2x + 2e3x 

dy

dx
 = 6e2x + 6e3x = 6 (e2x + e3x)
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2

2

d y

dx
 = 12e2x + 18e3x = 6 (2e2x + 3e3x)

2

2
5

d y dy

dxdx
  + 6y = 6 (2e2x + 3e3x)

– 30 (e2x + e3x) + 6 (3e2x + 2e3x) = 0

 41   y = sin–1 x (1 – x2) 
2

2
0

d y dy
x

dxdx
 

  y = sin–1x 

dy

dx
 = 

2

1

(1 )x

2(1 ) 1
dy

x
dx

 

2(1 ) 0
d dy

x
dx dx

2
2 2

2
(1 ) (1 ) 0

d y dy d
x x

dx dxdx
2

2
2 2

2
(1 ) 0

2 1

d y dy x
x

dxdx x

2
2

2
(1 ) 0

d y dy
x x

dxdx
  

y = sin–1 x  

1 2

1

1
y

x



,  2 2

1
1 1x y 

2 2
1 2 1(1 ) 2 (0 2 ) 0x y y y x

(1 – x2) y
2
 – xy

1
 = 0

1  10 

1. x2 + 3x + 2 2. x20 3. x . cos x

4. log x 5. x3 log x 6. ex sin 5x
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7. e6x cos 3x 8. tan–1 x 9. log (log x)

10. sin (log x) 11. y = 5 cos x – 3 sin x 
2

2
0

d y
y

dx
 

12.  y = cos–1 x 
2

2

d y

dx
 y 

13.   y = 3 cos (log x) + 4 sin (log x)   x2 y
2
 + xy

1
 + y = 0

14.  y = Aemx + Benx   
2

2
( ) 0

d y dy
m n mny

dxdx
   

15. y = 500e7x + 600e–7x  
2

2
49

d y
y

dx
  

16.  ey
 
(x + 1) = 1  

22

2

d y dy

dxdx

   
 

17.  y = (tan–1 x)2  (x2 + 1)2 y
2
 + 2x (x2 + 1) y

1
 = 2 

5.8  (Mean Value Theorem)

(geometric interpretation)

 6  (Rolle's Theorem) f : [a, b]  R 
[a, b] (a, b) f(a) = f(b) a b 

(a, b) c f (c) = 0 
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 a b 

y = f (x) 

  f (x)  

 7 (Mean Value Theorem)  f : [a, b]  R 

[a, b] (a, b) (a, b) c 

( ) ( )
( )

f b f a
f c

b a


 



(MVT), (extension) 

y = f (x) 

f (c)  y = f (x) (c, f (c)) 

( ) ( )f b f a

b a




 

(a, f (a)) (b, f (b)) (Secant) 

(a, b) c (c, f(c)) 

(a, f (a)) (b, f (b))

(a, b) c c, f (c)) (a, f (a)) (b, f (b))

  42  y = x2 + 2  a = – 2 

b = 2 
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y = x2 + 2, [– 2, 2] (– 2, 2) 
f (– 2) = f ( 2) = 6 f (x) – 2  2 

c  (– 2, 2) f(c) = 0  f(x) = 2x   c = 0 
f(c) = 0 c = 0  (– 2, 2)

 43 [2, 4] f (x) = x2 

 f (x) = x2 [2, 4] (2, 4) 
f (x) = 2x (2, 4) 

 f (2) = 4 f (4) = 16 

( ) ( ) 16 4
6

4 2

f b f a

b a

 
 

 
 c  (2, 4) f (c) = 6 

f (x) = 2x c = 3  c = 3  (2, 4), f (c) = 6 

1. f (x) = x2 + 2x – 8, x  [– 4, 2] 

2.

(i) f (x) = [x]   x  [5, 9] (ii) f (x) = [x]  x  [– 2, 2]

(iii) f (x) = x2 – 1  x  [1, 2]

3.  f : [– 5, 5]  R f (x) 
f (– 5)  f (5)

4. [a, b]  f (x) = x2 – 4x – 3,  a = 1
b = 4 

5. [a, b]  f (x) = x3– 5x2 – 3x,  a = 1
b = 3  f (c) = 0 c  (1, 3) 

6.

 44  x 

(i)
2

1
3 2

2 4
x

x
 


(ii)   

2sec –13cosxe x (iii)    log
7
 (log x)
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(i)  y = 
2

1
3 2

2 4
x

x
 


= 

1 1
22 2(3 2) (2 4)x x


  

2

3
x  

dy

dx
 =

1 1
1 12 22 2

1 1
(3 2) (3 2) (2 4) (2 4)

2 2

d d
x x x x

dx dx

=
1 3

22 2
1 1

(3 2) (3) (2 4) 4
2 2

x x x

=
 

3
2 2

3 2

2 3 2
2 4

x

x
x






2

3
x    

(ii)
2sec 13cosxy e x   [ 1,1]

dy

dx
 =

2sec 2

2

1
(sec ) 3

1

x d
e x

dx x

=
2sec

2

3
2sec (sec )

1

x d
e x x

dx x

=
2sec

2

3
2sec (sec tan )

1

xx x x e
x

=
22 sec

2

3
2sec tan

1

xx x e
x

 [ 1,1]  

cos–1 x (– 1, 1) 
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(iii)  y = log
7
 (log x) = 

log (log )

log7

x
 ( )

 x > 1  

dy

dx
 =

1
(log (log ))

log7

d
x

dx

=
1 1

(log )
log 7 log

d
x

x dx

=
1

log7 logx x

45  x 

(i) cos –1 (sin x) (ii)   1 sin
tan

1 cos

x

x
  
  

 (iii)   
1

1 2
sin

1 4

x

x


  
 
 

(i) f (x) = cos –1 (sin x)  

f (x) = cos–1 (sin x)

= 1cos cos
2

x , since [0. ]
2

x

  

=
2

x

f (x) = – 1 

(ii)  f (x) = tan –1 
sin

1 cos

x

x
 
  

 

cos x  – 1, 

f (x) =
1 sin

tan
1 cos

x

x
  
  

=
1

2

2 sin cos
2 2tan

2cos
2

x x

x


    
        

 
  

 = 
1tan tan

2 2

x x        
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cos
2

x 
 
 

f (x) = 
1

2
 

(iii) f (x) = sin–1 
12

1 4

x

x

 
 
 

.  

x 
12

1 1
1 4

x

x



  


 
12

1 4

x

x

x 
12

1
1 4

x

x






, 

x 2x + 1  1 + 4x  2  
1

2x  + 2x 

x 

2x = tan  

f (x) =
1

1 2
sin

1 4

x

x


  
  

=
1

2

2 2
sin

1 2

x

x

=
1

2

2 tan
sin

1 tan
  
   

= sin –1 [sin 2] = 2 = 2 tan – 1 (2x)

f (x) = 2

1
2 (2 )

1 2

x

x

d

dx

=
2

(2 )log 2
1 4

x
x

=
12 log 2

1 4

x

x
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 46  0 < x <   f (x) = (sin x)sin x f (x) 

  y = (sin x)sin x 

log y = log (sin x)sin x = sin x log (sin x)

1 dy

y dx
 =

d

dx
 (sin x log (sin x))

= cos x log (sin x) + sin x . 
1

(sin )
sin

d
x

x dx
= cos x log (sin x) + cos x
= (1 + log (sin x)) cos x

dy

dx
 = y((1 + log (sin x)) cos x) = (1 + log (sin x)) ( sin x)sin x cos x

47  a 
dy

dx
, 

1
1

,
a

t
ty a x t

t
  y x, t  0 

dy

dt
 =  1

t
t

d
adt

  =
1

1
. log

t
t d

a t a
dt t

   
 

=
1

2

1
1 log

t
ta a

t

   
 

dx

dt
 =

1
1 1

a
d

a t t
t dt t


          

=
1

2

1 1
1

a

a t
t t

dx

dt
  0 t  ± 1 t  ± 1 

dy
dy dt

dxdx
dt

  =

1

2

1

2

1
1 log

1 1
1

t
t

a

a a
t

a t
t t

 = 

1

1

log

1

t
t

a

a a

a t
t
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 48  e cos x    sin2 x 

 u (x) = sin2 x v (x) = e cos x /

/

du du dx

dv dv dx
  

du

dx
 = 2 sin x cos x  

dv

dx
 = e cos x (– sin x) = – (sin x) e cos x 

du

dv
 = cos cos

2sin cos 2cos

sin x x

x x x

x e e
 



x
1. (3x2 – 9x + 5)9 2. sin3 x + cos6 x

3. (5x)3 cos x 2x 4. sin–1(x x ), 0  x  1.

5.

1cos
2

2 7

x

x




, – 2 < x < 2.

6.   
1 1 sin 1 sin

cot
1 sin 1 sin

x x

x x
    
 

   
, 0 < x <

2



7. (log x)log x, x > 1
8. cos (a cos x + b sin x), a b

9. (sin x – cos x) (sin x – cos x), 
3

4 4
x

 
 

10. xx + xa + ax + aa, a > 0 x > 0

11.  
22 3 3

xxx x   , x > 3 

12.   y = 12 (1 – cos t), x = 10 (t – sin t), 
2 2

t
 

     
dy

dx
 

13.  y = sin–1 x + sin–1 21 x , 0  x  1  
dy

dx
  

14.  – 1 < x < 1 1 1 0x y y x     

 2

1

1

dy

dx x
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15. c > 0 (x – a)2 + (y – b)2 = c2 

3
2 2

2

2

1
dy

dx
d y

dx

    
   ,  a b 

16.  cos y = x cos (a + y), cos a  ± 1, 
2cos ( )

sin

dy a y

dx a




17.  x = a (cos t + t sin t) y = a (sin t – t cos t), 
2

2

d y

dx
18.  f (x) = | x |3,  f (x) 
19. n

  1n nd
x nx

dx


20. sin (A + B) = sin A cos B + cos A sin B cosines

21.

22.   

( ) ( ) ( )f x g x h x

y l m n

a b c

   

( ) ( ) ( )f x g x h x
dy

l m n
dx

a b c

  


23. y = 1cosa xe
 , – 1  x  1, 

 
2

2 2
2

1 0
d y dy

x x a y
dxdx

   



  f 

g 
(f ± g) (x) = f (x) ± g (x) 
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(f . g) (x) = f (x) . g (x) 

( )
( )

( )

f f x
x

g g x
   
 

 ( g (x)  0) 


   

f = v o u, t = u (x) 
dt

dx
 

dv

dt
 

df dv dt

dx dt dx



 1

2

1
sin

1

d
x

dx x

 


1

2

1
cos

1

d
x

dx x

 1
2

1
tan

1

d
x

dx x
 


 1

2

1
cot

1

d
x

dx x
 




1

2

1
sec

1

d
x

dx x x

1

2

1
cosec

1

d
x

dx x x

 x xd
e e

dx
   1

log
d

x
dx x



 f (x) = [u (x)]v (x)  
f (x)

u (x) 

  f : [a, b]  R [a, b] (a, b) 
f (a) = f (b) (a, b) c 

f (c) = 0.

 f : [a, b]  R [a, b] (a, b) 
(a, b) c

( ) ( )
( )

f b f a
f c

b a


 



——
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With the Calculus as a key, Mathematics can be successfully applied
to the explanation of the course of Nature — WHITEHEAD 

6.1 (Introduction)

(i) (ii)

(iii)

6.2  (Rate of Change of Quantities)

ds

dt
t s  

y x ( )y f x

dy

dx
 ( f (x)),  x y 

0x x

dy

dx
 (  f (x

0
)) 0x x  x y

(Application of Derivatives)

6
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x y, t 
( )x f t ( )y g t  

dy

dx
 =

dy dx
dt dt

,    0
dx

dt
 

x y t y x 

 r 
r = 5 cm

r A = r2 r  A 

2A
( ) 2

d d
r r

dr dr
     r = 5 cm  

A
10

d

dr
   

10 cm2/cm

 cm3/s

cm

x cm  V 

S  V = x3  S = 6x2,  x  t 

Vd

dt
 = 9 cm3/s ( )

9 =
3 3V

( ) ( )
d d d dx

x x
dt dt dx dt

   )

=
23

dx
x

dt


dx

dt
 = 2

3

x
... (1)

dS

dt
 =

2 2(6 ) (6 )
d d dx

x x
dt dx dt

  ( )

= 2

3 36
12x

xx

   
 

((1) )

x = 10 cm, 
dS

dt
= 3.6 cm2/s
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 4 cm/s

10 cm

r A = r2 t 

A 

Ad

dt
 =

2 2( ) ( )
d d dr

r r
dt dr dt

     = 2 r 
dr

dt
( )

dr

dt
 = 4 cm

r = 10 cm

Ad

dt
 = 2 (10) (4) = 80

 r = 10 cm 80 cm2/s

     x y
dy

dx
x

y
dy

dx

x, 3 cm/min

y, 2 cm/min x = 10 cm y = 6 cm (a) 

(b)

x y 

dx

dt
 = – 3 cm/min      

dy

dt
 = 2 cm/min

(a) P 

P = 2(x + y)

Pd

dt
 = 2 2( 3 2) 2 cm/min

dx dy

dt dt

(b)  A 
A = x . y
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Ad

dt
 =

dx dy
y x

dt dt
  

= – 3(6) + 10(2) ( x = 10 cm y = 6cm)
= 2 cm2/min

x C(x) 

C(x) = 0.005 x3 – 0.02 x2 + 30x + 5000

(marginal cost  MC) 

x

MC =
2C

0.005(3 ) 0.02(2 ) 30
d

x x
dx

  x = 3 MC =
20.015(3 ) 0.04(3) 30

= 0.135 – 0.12 + 30 = 30.015

Rs 30.02

x R(x) = 3x2 + 36x
+ 5 x = 5  (marginal revenue

or MR) 

MR =
R

6 36
d

x
dx

 

  x = 5 MR = 6(5) + 36 = 66

Rs 66

1.  r 

(a) r = 3 cm (b) r = 4 cm 
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2. cm3/s
cm

3. cm/s
cm

4. 3 cm/s
cm

5. cm/s
cm

6. cm/s
r = 4.9 cm 

7.  x, 5 cm/min y, 4 cm/min
 x = 8 cm y = 6 cm (a) (b) 

8. cm3

cm

9.
cm

10. m
cm/s

m ?
11. 6y = x3 +2 

x- y-

12.
1

2
cm/s

cm

13.  
3

(2 1)
2

x x 

14. cm3/s

cm
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15.  x C (x)  

C (x) = 0.007x3 – 0.003x2 + 15x + 4000

16. x R (x)

R (x) = 13x2 + 26x + 15

x = 7 

 17 18 

17. r = 6 cm r

(A) 10 (B) 12 (C) 8 (D) 11

18. x 

R(x) = 3x2 + 36x + 5 x = 15

(A) 116 (B) 96 (C) 90 (D) 126

6.3  (Increasing)  (Decreasing ) 

f (x) = x2, x  R f 

x f (x) = x2

 –2 4

3

2

9

4

 –1 1

1

2

1

4

  0 0

x f (x) = x2

0 0

1

2

1

4

 1 1

3

2

9

4

 2 4
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x > 0 

x < 0 

 f I  f

(i) I I x
1
 < x

2
   f (x

1
)  f (x

2
) x

1
, x

2
  I 

(ii)  I  I x
1
 < x

2
  f (x

1
)  f (x

2
) x

1
, x

2
  I 

(iii)  I  f (x) = c, x
 
 I c
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 f  x
0
 

x
0
 f  x

0
 

I I  f   

f (x) = 7x – 3, R 

R x
1
 x

2
 

x
1
 < x

2
  7x

1
 < 7x

2

 7x
1
 – 3 < 7x

2
 – 3

 f (x
1
) < f (x

2
)

R   f 

 f [a,b] (a,b) 

(a)  [a,b] f   x  (a, b)  f (x) > 0 

(b) [a,b] f   x  (a, b)  f (x) < 0 

(c) [a,b] f   x  (a, b)  f (x) = 0 

 (a) x
1
, x

2
  [a, b] x

1
 < x

2
 x

1
 

x
2
 c

f (x
2
) – f (x

1
) = f (c) (x

2
 – x

1
)

f (x
2
) – f (x

1
) > 0 ( f (c) > 0 )

f (x
2
) > f (x

1
)

1 2 1 2 1 2[ , ] , ( ) ( )a b x x x x f x f x

  [a,b]  f  

(b) (c) 
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f ' (x) > 0 x, f 
f  f1 (x)
< 0 x f  f   

  f ,

f (x) = x3 – 3x2 + 4x, x  R

R 

f (x) = 3x2 – 6x + 4

= 3(x2 – 2x + 1) + 1

= 3(x – 1)2 + 1  0, x  R 

  f , R 

 9  f (x) = cos x

(a) (0, ) 

(b) (, 2), 

(c) (0, 2) 

 f (x) = – sin x

(a) x  (0, ) sin x > 0, f (x) < 0 

(0, ) f

(b)  x  (, 2)  sin x < 0,  f (x) > 0 

(, 2) f  

(c)  (a) (b) (0, 2)  f 

 f (x) = x2 – 4x + 6 f

(a) (b)
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f (x) = x2 – 4x + 6

f (x) = 2x – 4

 f (x) = 0 x = 2 

x = 2 

(– , 2) (2, ) ( ) 

(– , 2) f (x) = 2x – 4 < 0 

  f (2, ) , ( ) 0f x  

f  

f (x) = 4x3 – 6x2 – 72x + 30  f,
(a) (b) 

 
f (x) = 4x3 – 6x2 – 72x + 30

f (x) = 12x2 – 12x – 72

= 12(x2 – x – 6)

= 12(x – 3) (x + 2)

 f (x) = 0 x = – 2, 3 x = – 2 x = 3 
(– , – 2), (– 2, 3)  (3, ) 

 (– , – 2) (3, ) f (x) (– 2, 3) f (x)
f  (– , – 2) (3, ) 

(– 2, 3) f, R 

f (x) f 

(– , – 2) (–) (–) > 0 f 

(– 2, 3) (–) (+) < 0 f 

(3, ) (+) (+) > 0 f  
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 f (x) = sin 3x, 0,
2

x  (a) 

(b) 

f (x) = sin 3x

f (x) = 3cos 3x

,  f (x) = 0 cos 3x = 0 
3

3 ,
2 2

x
 

  ( 0,
2

x


3

3 0,
2

x
    

) 
6

x  
2

 
6

x , 0,
2

 0,
6

 
 

 ,
6 2

 

0,
6

x
   

  ( ) 0f x   0 0 3
6 2

x x
 

      

,
6 2

x
   

 
  ( ) 0f x   

3
3

6 2 2 2
x x

0,
6

f ,
6 2

x = 0
6

x ,  f, 0,
6

,
6 2

 

f (x) = sin x + cos x, 0  x  2 f,

f (x) = sin x + cos x,       0  x  2

f (x) = cos x – sin x

 ( ) 0f x   sin x = cos x  
4

x , 
5

4
  0 2x ,
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4
x   

5

4
x  [0, 2] 0,

4
,

5
,

4 4
  

5
,2

4

5
( ) 0 0, ,2

4 4
f x x

0,
4

 
 
 

  
5

,2
4

 f 

5
( ) 0, ,

4 4
f x x

f  
5

,
4 4

 

( )f x

0,
4

> 0 f  

5
,

4 4
< 0 f  

5
,2

4
> 0 f  

1.  R  f (x) = 3x + 17 

2.  R  f (x) = e2x 

3.  f (x) = sin x 

(a) 0,
2

 
 
 

(b) ,
2

  
 

 

(c)  (0, ) 
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4. f (x) = 2x2 – 3x  f

(a) (b)

5.  f  (x) = 2x3 – 3x2 – 36x + 7 f

(a) (b)

6. f  

(a) f (x) x2 + 2x + 5 (b) f (x)10 – 6x – 2x2

(c) f (x) –2x3 – 9x2 – 12x + 1 (d) f (x) 6 – 9x – x2

(e) f (x) (x + 1)3 (x – 3)3

7.
2

log(1 )
2

x
y x

x
, x > – 1, 

8. x  y = [x(x – 2)]2 

9.  0,
2

 
4sin

(2 cos )
y ,  

10. (0, ) 
11. (– 1, 1) f (x) = x2 – x + 1 

12. 0,
2

?

(A) cos x (B) cos 2x (C) cos 3x (D) tan x
13. f (x) = x100 + sin x –1  f

(A) (0,1) (B) ,
2

(C) 0,
2

(D)  

14. a [1, 2] f (x) = x2 + ax + 1 

15. [–1, 1]  I I 
1

( )f x x
x

f

16.  f (x) = log sin x , 0,
2

,
2

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



        223

17. f (x) = log cos x 0,
2

 
3

, 2
2

  
 

18. R f (x) = x3 – 3x2 + 3x – 100 

19.   y = x2 e–x 

(A) (– , ) (B) (– 2, 0) (C) (2, ) (D) (0, 2)

6.4   (Tangents and Normals)

  (x
0
, y

0
)  (slope)  m

y – y
0
 = m (x – x

0
) 

  y = f (x)   (x
0
, y

0
) 

0
( , )0 0

[ ( )]
x y

dy
f x

dx  

(x
0
, y

0
)  y = f (x) 

y – y
0
 = f (x

0
)(x – x

0
) 

y = f (x) (x
0
, y

0
) 

0

1

( )f x
 

0( ) 0f x  y = f (x)  (x
0
, y

0
)  

y – y
0
 = 0

0

1
( )

( )
x x

f x

0 0 0( ) ( ) ( )y y f x x x   = 0

     y = f (x) x-  

tan
dy

dx

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



224        

(Particular cases)

(i)  tan = 0  = 0 
x- (x

0
, y

0
) y = y

0

(ii)
2

, tan  , x- y-

(x
0
, y

0
) x = x

0
 

 x = 2 y = x3 – x 

x = 2 

2x

dy

dx 




=
2

2
3 1 11

x
x

4 3 1y x  

2

3
 

 (x, y) 

dy

dx
 =

1

2
1 2

(4 3) 4
2 4 3

x
x

2

3
2

4 3x 
 =

2

3
4x – 3 = 9

x = 3

4 3 1y x   x = 3, 4(3) 3 1 2y
(3, 2) 

2
0

( 3)
y

x

(x,y) 

dy

dx
 = 2

2

( 3)x 
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2

2

( 3)x 
 = 2

(x – 3)2 = 1

x – 3 = ± 1

x = 2, 4

 x = 2 y = 2 x = 4 y = – 2 

y – 2 = 2(x – 2) 

y – 2x + 2 = 0

y – (– 2) = 2(x – 4)

y – 2x + 10 = 0 

2 2

1
4 25

x y
 (i) x-

(ii) y-

2 2

1
4 25

x y
 x, 

2

2 25

x y dy

dx
  = 0

dy

dx
 =

25

4

x

y



(i)  x-

0
dy

dx
25

0
4

x

y
 x = 0 

2 2

1
4 25

x y

x = 0 y2 = 25, y = ± 5 (0, 5) (0, – 5) 

x
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(ii)  y- 4
0

25

y

x
,

y = 0 
2 2

1
4 25

x y
 y = 0 x = ± 2 

y-

 
7

( 2)( 3)

x
y

x x
 

x-

x-  y = 0 y = 0 

x = 7 x- (7, 0) x

dy

dx
 =

1 (2 5)

( 2)( 3)

y x

x x

 
 

(7,0)

dy

dx



 =
1 0 1

(5)(4) 20




 (7, 0) 
1

20
(7, 0) 

1
0 ( 7)

20
y x 20 7 0y x

2 2

3 3 2x y   (1, 1) 

 
2 2

3 3 2x y   x, 

1 1

3 32 2

3 3

dy
x y

dx

 

  = 0

dy

dx
 =

1

3y

x
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(1, 1) 
(1, 1)

1
dy

dx
  

 

   y – 1 = – 1 (x – 1)                y + x – 2 = 0 

1
1  

   y – 1 = 1 (x – 1)                y – x = 0 

x = a sin3 t , y = b cos3 t ... (1)

 
2

t  

t 

23 sin cos
dx

a t t
dt

23 cos sin
dy

b t t
dt

dy
dy dt

dxdx
dt

  =
2

2

3 cos sin cos

sin3 sin cos

b t t b t

a ta t t

 


2
t  

2
t

dy

dx 



  =

cos
2 0

sin
2

b

a







 
2

t , x = a y = 0 
2

t  (a, 0) 

y – 0 = 0 (x – a)  y = 0 

1. y = 3x4 – 4x x = 4 

2.
1

, 2
2

x
y x

x
 x = 10 
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3.  y = x3 – x + 1 

x-

4.  y = x3 –3x +2 

x-

5. 3 3cos , sinx a y a   
4

6.  21 sin , cosx a y b   
2

7.   y = x3 – 3x2 – 9x + 7 x

8.   y = (x – 2)2  

9.   y = x3 – 11x + 5   y = x – 11 

10.   – 1  
1

1
y

x
, x  – 1  

11.
1

3
y

x
, x  3 

12.  2

1

2 3
y

x x

13.  
2 2

1
9 16

x y
 

(i)  x- (ii) y-

14.
(i) y = x4 – 6x3 + 13x2 – 10x + 5  (0, 5) 

(ii) y = x4 – 6x3 + 13x2 – 10x + 5 (1, 3) 
(iii) y = x3  (1, 1) 

(iv) y = x2  (0, 0) 

(v) x = cos t, y = sin t  
4

t
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15. y = x2 – 2x +7 

(a)  2x – y + 9 = 0 

(b)   5y – 15x = 13 

16. y = 7x3 + 11 x = 2
 x = – 2

17. y = x3 
y-

18.  y = 4x3 – 2x5, 

19.  x2 + y2 – 2x – 3 = 0 
x-

20.  ay2 = x3 (am2, am3) 

21.  y = x3 + 2x + 6 x + 14y + 4 = 0

22.  y2 = 4ax (at2, 2at) 

23.  x = y2 xy = k *
8k2 = 1

24.  
2 2

2 2
1

x y

a b
 (x

0
, y

0
) 

25. 3 2y x  4 2 5 0x y

26. y = 2x2 + 3 sin x x = 0 

(A) 3 (B)
1

3
(C) –3 (D)

1

3

27. y = x + 1, y2 = 4x 

(A) (1, 2) (B) (2, 1) (C) (1, – 2) (D) (– 1, 2) 

6.5  (Approximation)

*
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 f : D  R, D  R, y = f (x)
x x

x x y y 
y = f (x + x) – f (x) 

(i) x dx 

dx = x 

(ii)  y dy 

dy = f (x) dx 
dy

dy x
dx

 x   dx = x 
y  dy

dy y 

x, y,  dx   dy 

   

(Dependent variable)

(Independent variable)

36.6  

y x  x = 36 x = 0.6 

y = 36.6 36 36.6 6x x x      

36.6  = 6 + y

y dy 

dy =
1

(0.6) ( )
2

dy
x y x

dx x

=
1

2 36
 (0.6) = 0.05

36.6  6 + 0.05 = 6.05 
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1

3(25)

 
1

3y x   x = 27 2x    

y =
1 1

3 3( )x x x  

=
1 1 1

3 3 3(25) (27) (25) 3  
1

3(25)  = 3 + y
 y  dy 

dy =
dy

x
dx

  
 

= 2

3

1
( 2)

3x

1

3y x

= 1
23

1 2
( 2) 0.074

27
3((27) )


   

1

3(25)  

3 + (– 0. 074) = 2.926

f (3.02) f (x) = 3x2 + 5x + 3 

 x = 3 x = 0.02 

f (3. 02) = f (x + x) = 3 (x + x)2 + 5(x + x) + 3

y = f (x + x) – f (x) 

 f (x + x) = f (x) + y

 f (x) + f (x) x (  dx = x)

 (3x2 + 5x + 3) + (6x + 5) x

f (3.02) = (3(3)2 + 5(3) + 3) + (6(3) + 5) (0.02) (  x =3, x = 0.02)

= (27 + 15 + 3) + (18 + 5) (0.02)

= 45 + 0.46 = 45.46

 f (3.02) 
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 x % 

V = x3

dV =
Vd

x
dx

  
 

 = (3x2) x

= (3x2) (0.02x)        (  x 2% = .02x)

= 0.06x3 m3

0.06 x3 m3  

cm cm 

 r r r = 9 cm

r = 0.03 cm V

V =
34

3
r  

Vd

dr
 = 4r2

dV =
2V

(4 )
d

r r r
dr

= [4(9)2] (0.03) = 9.72 cm3

9.72cm3 

1.

(i) 25.3 (ii) 49.5 (iii) 0.6

(iv)
1

3(0.009) (v)
1

10(0.999) (vi)
1

4(15)

(vii)
1

3(26) (viii)
1

4(255) (ix)
1

4(82)
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(x)
1

4(401) (xi)
1

2(0.0037) (xii)
1

3(26.57)

(xiii)
1

4(81.5) (xiv)
3

2(3.968) (xv)
1

5(32.15)

2.  f (2.01) f (x) = 4x2 + 5x + 2 

3.  f (5.001)  f (x) = x3 – 7x2 + 15 

4. x m  1% 

5. x m  1% 

6. 7 m m

7. 9 m 0.03 cm

8.   f (x) = 3x2 + 15x + 5  f (3.02) 

(A) 47.66 (B) 57.66 (C) 67.66 (D) 77.66

9.  3% x 

(A) 0.06 x3 m3 (B) 0.6 x3 m3 (C) 0.09 x3 m3 (D) 0.9 x3 m3

6.6  (Maxima and Minima)

Turning

points

Absolute maximum

value Absolute minimum value

(i) P(x) = ax + bx2 

a,b x 

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



234        

(ii) m  
2

( ) 60
60

x
h x x  

x h(x) 

(iii) f (x) = x2 + 7 

I  f 

(a)   f I   I c 

( ) ( )f c f x ,   x  I

 f (c) I f c   I f  

(b)  f  I  I c  
f (c)  f (x),  x  I

 f (c) I  f c I f

(c) I  f extreme value I

c f c ,  f

  f (c), I f  c

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



        235

  6.9 (a), (b)  (c) 

f (x) = x2, x  R f

 f (x) = 0 x = 0 

f (x)  0,  x  R 

  f   0  f 

x = 0 

  f R

f

      [– 2, 1] x = – 2  f

 (– 2)2 = 4 

 f (x) = |x |, x  R f

f (x)  0,  x  R f (x) = 0    x = 0 

 f f 

x = 0   R

 f  R

(i) [– 2, 1] f 

|– 2| = 2 

(ii)  f ,  x = 0 
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 f (x) = x, x  (0, 1) 

 

f 

x
0
 0

02

x
x

0 (0,1)x

x
1
 1 (0,1)x

1
1

1

2

x
x

 28 f  

f  [0, 1] 

x = 0 x = 1 

(monotonic)

 

     I I 

A, B, C  D 

A C 

Neighbourhood
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Bottom B  D 
A  C 

 B  D 

  f   c   f 

(a) c h > 0 
(c – h, c + h) x f (c)  f (x)   f (c),  f 

(b) c h > 0  (c – h, c + h) 
x   f (c)  f (x)   f  (c),  f   

 x = c,  f  
c  a

(c – h, c) f f (x) > 0)  (c, c + h) 
f (x) < 0) 

f (c) 
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 c , f   c 

b (c – h, c) f  f (x) < 0) 

(c, c + h) f  f (x) > 0) f (c)

I  f  c  I

f  x = c f (c)

= 0 f    c 

f (x) = x3 f (x) = 3x2 f (0) = 0 

      f  c, f (c) = 0 f  

f Critical Point f   c 

f (c) = 0 h > 0 (c – h, c + h)

f

f I 
f  I c

(i) x c 
f (x) 

c 
f (x) > 0 c 

f (x) < 0 c

(ii) x   c 
f (x) 

c 
f (x) < 0 c 

f (x) >0 c 
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(iii) x  c f (x) c  

Point of Inflection

     c  f  f (c)  f   

c  f  f (c)  f

f (x) = x3 – 3x + 3

f (x) = x3 – 3x + 3

f (x) = 3x2 – 3 = 3 (x – 1) (x + 1)

                                   f (x) = 0  x = 1 x = – 1

x = ± 1 f  

x = 1 

 f (x) > 0 

 f (x) < 0   x  = 1

  f (1) = 1 

x = – 1 –1 –1 f (x) > 0 

f (x) < 0 x =  –1

f (–1) = 5 
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 x ( ) 3( 1)( 1)f x x x

1      
 > 0

< 0

–1    
 0

 0

–
–

f (x) = 2x3 – 6x2 + 6x +5 f   

f (x) = 2x3 – 6x2 + 6x + 5

f (x) = 6x2 – 12x + 6 = 6 (x – 1)2

              f (x) = 0  x = 1

 x = 1 f  f 
x  R f (x)  0

f (x) > 0 
x = 1 

x = 1 inflection

   f (x) R

 f 

f,  I   c  I 
f, c 

(i) f (c) = 0  f (c) < 0  x = c 

 f f (c) 

(ii) ( ) 0f c   f (c) > 0 x = c 

f  f (c) 

(iii)  f (c) = 0 f (c) = 0 

c

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



        241

 c f c   f  

 

 f (x) = 3 + |x |, x  R   f 

x = 0 
f

0  f (x) = 3 – x f (x) = – 1 < 0 
 f (x) = 3 + x  f (x) = 1 > 0  

x = 0, f f   f (0) = 3 

f (x) = 3x4 + 4x3 – 12x2 + 12 f 

f (x) = 3x4 + 4x3 – 12x2 + 12

f (x) = 12x3 + 12x2 – 24x = 12x (x – 1) (x + 2)

x = 0, x = 1  x = – 2  f (x) = 0 

f (x) = 36x2 + 24x – 24 = 12 (3x2 + 2x – 2)

(0) 24 0

(1) 36 0

( 2) 72 0

f

f

f

   
   
    

x  = 0  f 

f (0) = 12 x = 1  x = – 2 

f (1) = 7 f (–2) = –20 

 f (x) = 2x3 – 6x2 + 6x +5  f

f (x) = 2x3 – 6x2 + 6x +5

           
2 2( ) 6 12 6 6( 1)

( ) 12( 1)

f x x x x

f x x

      


  

 f (x) = 0 x = –1 f (1) = 0 
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( ) x =1 

x 15 – x 

S(x) 

S(x) = x2 + (15 – x)2 = 2x2 – 30x + 225

S ( ) 4 30

S ( ) 4

x x

x

  
  

 S(x) = 0 
15

2
x   

15
S 4 0

2
    
 

 

S 
15

2
x

15

2
 

15 15
15

2 2

k ,
2 2

k k
 

(0, c) y = x2 
1

2
 c  5 

y = x2  (h, k) (h, k)  (0, c) 
D 

                      2 2 2 2D ( 0) ( ) ( )h k c h k c       ... (1)

 (h, k) y = x2 k = h2  (1) 

D  D(k) = 2( )k k c 

D(k) =
2

1 2( )

( )

k c

k k c

D(k) = 0  
2 1

2

c
k
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2 1

2

c
k ,  2( ) 1 0k c , D ( ) 0k  

2 1

2

c
k

2( ) 1 0k c   D ( ) 0k  
2 1

2

c
k  

k

2
2 1 2 1 2 1 4 1

D
2 2 2 2

c c c c
c

            
   

 

      35 

 36 A  B AP BQ 

AP = 16 m, BQ = 22 m AB = 20 m AB R 

RP2 + RQ2 

AB R 

AR = x m  RB = (20 – x) m (  AB = 20 m)

RP2 = AR2 + AP2

RQ2 = RB2 + BQ2

RP2 + RQ2 = AR2 + AP2 + RB2 + BQ2

     = x2 + (16)2 + (20 – x)2 + (22)2

     = 2x2 – 40x + 1140

S  S(x) = RP2 + RQ2 = 2x2 – 40x + 1140 

S(x) = 4x – 40 

S(x) = 0  x = 10 x S(x) = 4 > 0 

S(10) > 0   x = 10, S    

AB R A AR = x = 10 m

37 cm

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



244        

 6.19 

AB DP CQ 

AP = x cm

 APD  BQC 

QB = x cm

DP = QC = 2100 x   

 A 

A  A(x)

 =
1

2
( ) ( )

=  21
(2 10 10) 100

2
x x  

=  2( 10) 100x x 

 A(x) =
2

2

( 2 )
( 10) 100

100

x
x x

x

=
2

2

2 10 100

100

x x

x

  


A(x) = 0  2x2 + 10x – 100 = 0, x  = 5   x = –10 

x  x = 5 

A(x) =

2 2

22

2

( 2 )
100 ( 4 10) ( 2 10 100)

100

100

x
x x x x

x

x

=
3

3
2 2

2 300 1000

(100 )

x x

x

 


 ( )

A(5) =
3

3
2 2

2(5) 300(5) 1000 2250 30
0

75 75 75
(100 (5) )

   
  



x = 5  

A(5) = 2 2(5 10) 100 (5) 15 75 75 3 cm
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 38 

OC = r 

OA = h 

OE = x  

 QE 

QE

OA
 =

EC

OC
   (  QEC ~AOC)

QE

h
 =

r x

r



QE =
( )h r x

r



S  

S   S(x) = 
2 ( )xh r x

r
 = 

22
( )

h
rx x

r




2
S ( ) ( 2 )

4
S ( )

h
x r x

r
h

x
r

   
    


S(x) = 0 
2

r
x  x   S(x) < 0 

S 0
2

r   
 

 
2

r
x  , S 

6.6.1 (Maximum and
Minimum Values of a Function in a Closed Interval)

  f (x) = x + 2, x  (0, 1)  f  

 f  [0, 1] f 

3 = f (1) 
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2 =  f (0) x = 1  f [0, 1] f 

absolute maximum value global

maximum or greatest value x = 0 f  [0, 1]

f  absolute minimum value

global minimum or least value

 [a, b] f 6.21 

x = b f 

f (b) x = c  f (c) 

 f f (a) 
f (d) f  

 I 

I = [a, b]   f  f  
I f  f  
I f  

I  f I 
c

(i) c f   f (c) = 0

(ii) c f   f (c) = 0
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(Working Rule)

 1:  f  x 

( ) 0f x  f  

2: 

 3: f 

 4:  f  

f  f  

 39 [1, 5] f (x) = 2x3 – 15x2 + 36x +1 

f (x) = 2x3 – 15x2 + 36x + 1

f (x) = 6x2 – 30x + 36 = 6 (x – 3) (x – 2)

f (x) = 0   x = 2  x = 3 

[1, 5]  x = 1, x = 2, x = 3 

x = 5 f

f (1) = 2(13) – 15 (12) + 36 (1) + 1 = 24

f (2) = 2(23) – 15 (22) + 36 (2) + 1 = 29

f (3) = 2(33) – 15 (32) + 36 (3) + 1 = 28

f (5) = 2(53) – 15 (52) + 36 (5) + 1 = 56
[1, 5] f  x =5 

x = 1 

 40 
4 1

3 3( ) 12 6 , [ 1, 1]f x x x x     f 

f (x) =
4 1

3 312 6x x

f (x) =
1

3
2 2

3 3

2 2(8 1)
16

x
x

x x
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 f (x) = 0 
1

8
x   x = 0 f (x) 

x = 0  
1

8
x x = 0, 

1

8
 

x = –1 x = 1 f 

f (–1) =
4 1
3 312( 1 ) 6( 1 ) 18

f (0) = 12 (0) – 6 (0) = 0

1

8
f
 
 
 

 =

4 1

3 31 1 9
12 6

8 8 4

f (1) =
4 1
3 312(1 ) 6(1 ) 6

x = –1  f

1

8
x f  

9

4
 

 41 y = x2 + 7 

x (x, x2 + 7) (3, 7) 

2 2 2( 3) ( 7 7)x x , 2 4( 3)x x

f (x) = (x – 3)2 + x4

f (x) = 2(x – 3) + 4x3 = 2 (x – 1) (2x2 + 2x + 3)

 f (x) = 0 x = 1 2x2 + 2x + 3 = 0 
f 

x = 1 f
f (1) = (1 – 3)2 + (1)4  = 5 

(1) 5f   

5  

(0)f  = 2 4(0 3) (0) 3 5   

( )f x  5  

5  
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1.

(i) f (x) = (2x – 1)2 + 3 (ii) f (x) = 9x2 + 12x + 2

(iii) f (x) = – (x – 1)2 + 10 (iv) g (x) = x3 + 1

2.

(i) f (x) = |x + 2 | – 1 (ii) g (x) = – |x + 1| + 3

(iii) h (x) = sin (2x) + 5 (iv) f (x) = | sin 4x + 3|

(v) h (x) = x + 1, x  (– 1, 1)

3.

(i) f (x) = x2 (ii) g (x) = x3 – 3x

(iii) h (x) = sin x + cos x, 0
2

x

(iv) f (x) = sin x – cos x, 0 2x

(v) f (x) = x3 – 6x2 + 9x + 15 (vi)
2

( ) , 0
2

x
g x x

x

(vii) 2

1
( )

2
g x

x
(viii) ( ) 1 , 0 1f x x x x

4.

(i) f (x) = ex (ii) g (x) = log x

(iii) h (x) = x3 + x2 + x +1

5.
(i) f (x) = x3, x  [– 2, 2] (ii) f (x) = sin x + cos x , x  [0, ]

(iii) f (x) = 21 9
4 , 2,

2 2
x x x

     
(iv) 2( ) ( 1) 3, [ 3,1]f x x x

6. p (x) =41 – 72x – 18x2 

7. [0, 3]  3x4 – 8x3 + 12x2  – 48x + 25 

8. [0, 2] sin 2x 

9.  sin x + cos x ?
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10. [1, 3] 2x3 – 24x + 107 

[–3, –1] 

11. [0, 2]  x = 1 x4 – 62x2 + ax + 9 

a 

12. [0, 2] x + sin 2x 

13.

14.  x y x + y = 60 xy3 

15. x y x2 y5 

16.

17. cm

18. cm × cm

19.

20.

21. 100 cm3

22. cm

23. R 

8

27
 

24.

2  

25.
1tan 2  
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26.

1 1
sin

3
 

27  29  

27.   x2 = 2y  (0, 5)  

(A) (2 2,4) (B) (2 2,0) (C) (0, 0) (D) (2, 2)

28. x,  
2

2

1

1

x x

x x
  

(A) 0 (B) 1 (C) 3 (D)
1

3

29.
1

3[ ( 1) 1]x x , 0 1x   

(A)

1

31

3
(B)

1

2
(C) 1 (D) 0

 42  t = 0  P  Q 

t x

x = 2 2
3

t
t  

Q  P  Q 

 t  v 

x = 2 2
3

t
t
  
 

v =
dx

dt
 = 4t – t2 = t (4 – t)

v = 0  t = 0  t = 4 
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P Q  v = 0 Q   4 

x]
 t = 4

 = 2 4 2 32
4 2 16 m

3 3 3

 43 

 tan–1(0.5) m3/min

m

 r, h  

tan
r

h

 =
1tan

r

h
  
 
 

 = tan–1(0.5)     ( )

r

h
 = 0.5    r = 

2

h

 V 

V =
2 3

21 1

3 3 2 12

h h
r h h

Vd

dt
 =

3

12

d h dh

dh dt

 
 

 
    ( )

=
2

4

dh
h

dt



V
5

d

dt
 cm3/min h = 4 m 

5 =
2(4)

4

dh

dt

dh

dt
 =

5 35 22
m/min

4 88 7

35
m/min

88
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 44  2 m 6 m km/h

AB 

B 

t MN

AM = l m MS 

MS = s m 

 ASB ~ MSN

MS

AS
 =

MN

AB

AS = 3s

[( MN = 2 m AB = 6 m  ( )]

AM = 3s – s = 2s AM = l 

l = 2s

dl

dt
 = 2

ds

dt

dl

dt
= 5 km/h  

5

2
 km/h

 x2 = 4y 

x2 = 4y x 

dy

dx
 =

2

x

  x2 = 4y (h, k) (h, k) 

( , )h k

dy

dx

  =

2

h

 (h, k) =
2

h
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(h, k) 

y – k =
2

( )x h
h


 ... (1)

(1, 2) 

2
2 (1 )k h

h
    

2
2 (1 )k h

h
... (2)

(h, k) x2 = 4y 

h2 = 4k ... (3)

 (2) (3), h = 2 k = 1 h k 

2
1 ( 2)

2
y x    x  + y  = 3

 46   y = cos(x + y), – 2  x  2
 x + 2y = 0 

y = cos(x + y) x, 

dy

dx
 =

sin ( )

1 sin ( )

x y

x y

 
 

(x, y) =
sin ( )

1 sin ( )

x y

x y

 
 

x + 2y = 0 
1

2
 

sin( )

1 sin( )

x y

x y

 
   =

1

2



sin (x + y) = 1

x + y = n + (– 1)n ,
2


 n  Z,

y = cos (x + y) = ,cos ( 1)
2

nn   n  Z,

= 0  n  Z 
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 2 2x , 
3

2
x   

2
x  

3
,0

2
 ,0

2
 x + 2y = 0 

y – 0 =
1 3

2 2
x

   
 

       2 4 3 0x y

y – 0 =
1

2 2
x

   
 

         2 4 0x y  

 47 

f (x) =
4 3 23 4 36

3 11
10 5 5

x x x x   

(a) (b) 

f (x) =
4 3 23 4 36

3 11
10 5 5

x x x x   

f (x) =
3 23 4 36

(4 ) (3 ) 3(2 )
10 5 5

x x x  

=
6

( 1)( 2)( 3)
5

x x x   ( )

f (x) = 0 x = 1, x = – 2, x = 3 

x = 1, – 2, 

(– , – 2), (– 2, 1), (1, 3) (3, ) 

( 6.24)

(– , – 2) –  < x < – 2 

 x – 1 < 0, x + 2 < 0 x – 3 < 0 

x = –3 f (x) = (x – 1) (x + 2) (x – 3)

= (– 4) (– 1) (– 6) < 0)  –  < x < – 2  f (x) < 0 

 (– , – 2) f 

 (–2, 1), – 2 < x < 1 

x – 1 < 0, x + 2 > 0  x – 3 < 0 

–2 1 320–1
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( x = 0, f (x) = (x – 1) (x + 2) (x – 3) = (–1)
(2) (–3) = 6 > 0)

– 2 < x < 1  f (x) > 0 

 f 

 (1,3) 1 < x < 3 x – 1 > 0, x  + 2 > 0

x – 3 < 0 

 1 < x < 3 f (x) < 0 

(1, 3)  f   (3, ), 

3 < x <   x – 1 > 0, x + 2 > 0   x – 3 > 0  

x > 3  f (x) > 0 

(3, )   f  

 48 f (x) = tan–1(sin x + cos x), x > 0 f , 0,
4

f (x) = tan–1(sin x + cos x), x > 0

f (x) = 2

1
(cos sin )

1 (sin cos )
x x

x x


 

=
cos sin

2 sin 2

x x

x




( )

0,
4

x 2 + sin 2x > 0 

f (x) > 0  cos x – sin x > 0

f (x) > 0  cos x > sin x  cot x > 1

cot x > 1  tan x < 1,  0
4

x

 0,
4

f (x) > 0 

0,
4

 
 
 

  f  
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 49 3 cm

0.05 cm/s

3.2 cm

r A

A = r2

Ad

dt
 = 2

dr
r

dt
 ( )

 = dr = 0.05
dr

t
dt
  cm/s 

dA =
A

( )
d

t
dt



= 2
dr

r t
dt

   
 

 = 2r (dr)

= 2 (3.2) (0.05) (r = 3.2 cm)

= 0.320 cm2/s

 50  3 m × 8 m

 x m x,

8 – 2x 3 – 2x (  6.25) V(x) 

V (x) = x (3 2x) (8 – 2x)

= 4x3 – 22x2 + 24x,  
2V ( ) 12 44 24 4( 3)(3 2)

V ( ) 24 44

x x x x x

x x
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V(x) = 0  x = 
2

3
 x = 3 x  3 ( ?)

x =
2

3

2
V

3
 =

2
24 44 28 0

3

 
2

3
x  

2
m

3

2
V

3
 
 
 

 =
3 2

2 2 2
4 22 24

3 3 3
           
     

 = 
3200

m
27

51 Rs 5
100

x
 x 

x Rs 500
5

x

x   S (x) x C(x) 

S (x) =
2

5 5
100 100

x x
x x

    
 

C(x) = 500
5

x


 P (x) 

P(x) =
2

S( ) C( ) 5 500
100 5

x x
x x x    

P(x) =
224

500
5 100

x
x  

P(x) =
24

5 50

x


 P(x) = 0 x = 240 
1

P ( )
50

x
  . 

1
P (240) 0

50
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x = 240 

1.

(a)
1

417

81
(b)

1

533

2.  
log

( )
x

f x
x

 x = e 

3. b cm/s

4. x2 = 4y 

5. x = a cos + a sin, y = a sin – a cos 

6.

4sin 2 cos
( )

2 cos

x x x x
f x

x

f (i) (ii) 

7. 3
3

1
( ) , 0f x x x

x
 

i ii

8.
2 2

2 2
1

x y

a b
 

9. m m3

Rs 70/m2

Rs 45/m2
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10. k k 

11.

m

12. a b 

 
2 2 3
3 3 2( )a b  

13.  f (x) = (x – 2)4 (x + 1)3 f 

(i) (ii)

(iii)

14. f (x) = cos2 x + sin x, x  [0, ]   f 

15. r 

4

3

r
 

16. [a, b] f x  (a, b) 

f (x) > 0 (a, b) f

17.  R 

2R

3

18.  h 

3 24
tan

27
h  

19. m m3/h

(A) 1 m/h (B) 0.1 m/h

(C)  1.1 m/h (D) 0.5 m/h
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20.  x = t2 + 3t – 8, y = 2t2 – 2t – 5 (2,– 1) 

(A)
22

7
(B)

6

7
(C)

7

6
(D)

6

7



21. y = mx + 1,  y2 = 4x m

(A) 1 (B) 2 (C) 3 (D)
1

2

22.  2y + x2 = 3 (1,1) 

(A) x + y = 0 (B) x – y = 0

(C) x + y +1 = 0 (D) x – y = 1

23.  x2 = 4y  (1,2) 

(A) x + y = 3 (B) x – y = 3

(C) x + y = 1 (D) x – y = 1

24.  9y2 = x3 

(A)
8

4,
3

  
 

(B)
8

4,
3

(C)
3

4,
8

  
 

(D)
3

4,
8

  
 

 y x ( )y f x  

dy

dx
 ( ( )f x )  x y 

0x x

dy

dx  ( 0( )f x ) 0x x x y

 x y, t ( )x f t ( )y g t ,

dy dy dx
dt dtdx

,    0
dx

dt
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  f

(a) [a, b] 

[a, b] x
1 
< x

2 
   f (x

1
)  f (x

2
), x

1
, x

2
  (a, b) 

x   [a, b]  f (x)  0, 

(b)  [a, b] 

[a, b] x
1 
< x

2 
  f (x

1
)  f (x

2
), x

1
, x

2
  (a, b) 

x   [a, b]  f (x)  0 

   y = f (x) (x
0
, y

0
) 

0 0

0 0
( , )

( )
x y

dy
y y x x

dx

  0 0( , )x y
dy

dx
 y-

x = x
0
 

  y = f (x) x = x
0
  x  

0

0
x x

dy

dx 

 

   y = f (x) 0 0( , )x y  

0 0

0 0

( , )

1
( )

x y

y y x x
dy
dx

 0 0( , )x y  
dy

dx
 = 0  x = x

0
 

 0 0( , )x y  
dy

dx
 x-

y = y
0
 

  y = f (x) x, x  x  y  

y y = f (x + x) – f (x) 

( )dy f x dx   
dy

dy x
dx
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dx x   y 

dy y 

 f c  f (c) = 0  f 

f

 I f  

I c f  

(i) x c f (x) 

c 

f (x) > 0 c f (x) <

0 c 

(ii) x  c f (x) 

c 

f (x) < 0 c f (x)  >

0 c 

(iii)  x  c f (x)

c 

  I  f 

 c  I f, c  

(i) f (c) = 0 f (c) < 0 x = c 

f  f (c) 

(ii)  f (c) = 0  f (c) > 0 x = c 

f  f (c)

(iii)  f (c) = 0 f (c) = 0, 

c


 1: f x 

f (x) = 0 f 
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 2: 

 3: f  

 4: f  

f  f  

——
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Proofs are to Mathematics what calligraphy is to poetry.
Mathematical works do consist of proofs just as

poems do consist of characters
— VLADIMIR ARNOLD 

A.1.1  (Introduction)

IX X XI 

A.1.2  ? (What is a Proof?)

  

1

(Proofs in Mathematics)
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(i) (Approach)

 x2 – 5x + 6 = 0 x = 3 x = 2 

  x2 – 5x + 6 = 0 ( )

 (x – 3) (x – 2) = 0 ( )

 x – 3 = 0  x – 2 = 0 ( ab = 0 a = 0  b = 0, a, b  R 

 x – 3 + 3 = 0 + 3   x – 2 + 2 = 0 + 2  (
)

 x + 0 = 3  x + 0 = 2  ( Identity
)

 x = 3  x = 2 ( )

x2 – 5x + 6 = 0 x = 3  x = 2

p   “x2 – 5x + 6 = 0” q “x = 3  x = 2”

 p x2 – 5x + 6 (x – 3) (x – 2) 
 r : “(x – 3) (x – 2) = 0” 

(i) (x – 3) (x – 2) x2 – 5x + 6 ?

(ii) ? 

x2 – 5x + 6 = x2 – 3x – 2x + 6 = x (x – 3) – 2 (x – 3) = (x – 3) (x – 2)

r (Premise) 
s: “ x – 3 = 0  x – 2 = 0” (steps) brackets

p  q

p p  r  s  …  q 
“p  q” 
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f : R  R  f(x) = 2x + 5 
one-one

f  f (x
1
) = f (x

2
)  x

1
 = x

2

f (x
1
) = f (x

2
) 2x

1
+ 5 = 2x

2
 + 5

 2x
1
+ 5 – 5 = 2x

2
 + 5 – 5  ( )

 2x
1
+ 0 = 2x

2
 + 0

 2x
1
 = 2x

2
   ( )

 1

2

2
x  = 2

2

2
x  ( )

 x
1
 = x

2

(ii)

N S 

(i) 1  S 

(ii)  k + 1  S k  S,  S = N

“S(n), n = 1 ”

j ) n = k 

n = k + 1  k   j), 

n, n   j

 A = 
cos sin

sin cos

  
    

,    An = 
cos sin

sin cos

n n

n n

  
    

  P(n) : An =
cos sin

sin cos

n n

n n
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P(1) : A1 =
cos sin

sin cos

  
    

P(1) 

 P(k) 

P(k) : Ak =
cos sin

sin cos

k k

k k

  
    

P(k + 1) P(k) 

P(k + 1) : Ak+1 =
cos ( 1) sin ( 1)

sin( 1) cos ( 1 )

k k

k k

    
      

Ak+1 = Ak . A

 P(k) 

Ak+1 =
cos sin

sin cos

k k

k k

  
    

  
cos sin

sin cos

  
    

=
cos cos sin sin cos sin sin cos

sin cos cos sin sin sin cos cos

k k k k

k k k k

          
             

( )

=
cos ( 1) sin ( 1)

sin( 1) cos ( 1 )

k k

k k

    
      

 P(k + 1) P(k) 

 P(n), n 

(iii)

  p  q  p 

r, s, t  ( ) p = r   s   t ( “ ” 

“ ” )

r  q;

s  q;

t  q
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A

 (r   s   t)  q, p  q

ABC, 

a = b cos C + c cos B

 p “ABC ” q 

“a = b cos C + c cos B” 

ABC A  BC 

AD 

p r, s t 

r : ABC  C  

s : ABC   C 

t : ABC   C 

 (i)  A, B,  C A1.1)

ADB, 

BD

AB
 = cos B

BD = AB cos B = c cos B

 ADC 

CD

AC
 = cos C

CD = AC cos C

= b cos C

a = BD + CD

= c cos B + b cos C ... (1)
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 (ii)  C A1.2)

 ADB 

BD

AB
 = cos B

BD = AB cos B

= c cos B

  ADC  

CD

AC
 = cos ACD

= cos (180 – C)
= – cos C

CD = – AC cos C

= – b cos C

a = BC = BD – CD

a = c cos B – ( – b cos C)

a = c cos B + b cos C ... (2)

 (iii)   C  A1.3)

 ACB, 

BC

AB
 = cos B

BC = AB cos B

a = c cos B,

b cos C = b cos 900 = 0

a = 0 + c cos B

= b cos C + c cos B ... (3)

 (1), (2) (3) ABC 

a = b cos C + c cos B

(i)  r  q 

(ii) s  q 

 (iii) t  q 

 (r    s    t)  q p  q 

 A

 A
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(i) (Reductio Ad Absurdum):

 (Infinite) 

(Prime Numbers) P 
(Negation) 

P
1
, P

2
, P

3
,..., P

k 

N = (P
1
 P

2
 P

3
…P

k
)  + 1 ... (1)

N 

N 

N 

N (Divisor)
N 

N N 



(ii) contrapositive
 p  q 

~ q  ~ p 
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f (x) = 2x + 5 f : R  R 

  f (x
1
) = f (x

2
)  x

1
 = x

2
.

 “2x
1
+ 5 = 2x

2
 + 5”  “x

1
 = x

2
” p  q, 

2x
1
+ 5 = 2x

2
 + 5 p  x

1
  = x

2
 q 

 ~ q  ~ p “ f (x
1
) = f (x

2
)  x

1 
= x

2
” 

“ x
1
 x

2
 f (x

1
)  f (x

2
)”

x
1
  x

2

 2x
1
  2x

2

 2x
1
+ 5  2x

2
 + 5

 f (x
1
)  f (x

2
).

 “~ q  ~ p”, “p  q” 

 A, Invertible A, Non-singular

 p  q p “ A, invertible
” q “A, non-singular ”

 A non-singular A invertible

 A non-singular |A| = 0 

A–1 =
A

|A|

adj
  |A | = 0

 A, Invertible

A non-singular A,
invertible ~ q  ~ p.

 A invertible A non-singular

(iii) (counter example) 
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p  q ~ (p  q) 

n  N ( 22
n + 1)  

122 + 1 = 22 +  1 = 5 
222 + 1 = 24 + 1 = 17 
322 + 1 = 28 + 1 = 257 

 
522 + 1 = 232 + 1 = 4294967297 

4294967297  =  641 × 6700417 

 n 
n22 + 1   n  N+”

522 + 1 

n  N 
n22 + 1 

”

(i) f (x) = x2

(ii) g (x)  = ex

(iii) h (x)  = sin x

x 

x 

“(x)= |x |”

x = 0 

“(x) = |x |” 

“(x) = |x |” 

——
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A.2.1   (Introduction)

XI

Models

A.2.2 (Why Mathematical Modelling?)

(i)

(ii)
g

2

(Mathematical Modelling)
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(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

A.2.3 (Principles of Mathematical Modelling)

(i)

(ii)

(iii)

(iv)

(v)

(vi)

(a)

(b)

(c)
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(vii)

(a)

(b)

(viii)

 1:

 2: 

 3: 

 4: 

 5: 

1

 1 

 2  AB  A.2.2)   PQ 

P  PQ = h  

H 

  l = QB = PC

A.2.1
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tan  =
AC H

PC

h

l

H = h + l tan  ... (1)

 3 h, l  

 4 l 

B P   PQB 

 A.2.2

tan  =
PQ

QB

h

l
   l = h cot 

 5 h, l,   

 P
1
, P

2
 P

3
 

R
1
, R

2
 R

3

F
1
 F

2 
R

1
, R

2
 R

3

R
1
, R

2
 R

3

 1 

 2  A   F
1
  F

2
 

 A 
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1 2 3

1

2

P P P
F • • •

A
F • • •

 B P
1
, P

2
  P

3 

  
R

1
, R

2
  R

3
, B 

1 2 3

1

2

3

R R R
• • •P

B P • • •

P • • •

 3 A  B 

1 2 3

1

2

R R R
F • • •

AB
F • • •

F
1
  F

2
 R

1
, R

2
 R

3
 

 3 

3 4 0
10 15 6

A = , B 7 9 3
10 20 0

5 12 7

R
1 

,  R
2
 R

3 

3 4 0
10 15 6

AB= 7 9 3
10 20 0

5 12 7

 = 

1 2 3

1

2

R RR
F 165 247 87

F 170 220 60

 F
1
 F

2
 R

1
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R
2
 R

3
 

 A A 

1

9 12 6
A

10 20 0

1

3 4 0
9 12 6

A B 7 9 3
10 20 0

5 12 7
 

141 216 78

170 220 60

 R
1 

, R
2
 R

3
 

R
1 

R
2 

R
3 

    A 

A 

  B 

P
1
, P

2
, P

3
  R

1
, R

2
, R

3
 

 R
1
  R

2
  R

3 

 R
1
, R

2
  R

3
,

1 2 3

1

2

3

R R R
P 3 4 0

B P 7 9 3

P 5 12 7
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  P
1  

 x , P
2
 y P

3 
z 

P
1
 R

1 
, P

2
 R

1
 P

3
 R

1 

B ) R
1 

3x + 7y + 5z = 330 ( R
1 

)

4x + 9y + 12z = 455 ( R
2 

)

3y + 7z = 140 ( R
3 

)

3 7 5

4 9 12

0 3 7

x

y

z
 =

330

455

140

 

1 0 0

0 1 0

0 0 1

x

y

z

 =

20

35

5

x = 20, y = 35 z = 5 P
1 

, P
2
 35 P

3
 

 F
1
 F

2
 

F
1
 P

3
 

 M
1
 M

2 
M

1
 

M
2 

M
1 

M
2
 

M
1
 

Rs M
2 

Rs 

  M
1
 M

2
 

M
1
 x M

2
 y M

1
 

Rs M
2 

Rs objective
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function

Z  Z (x, y) = 8x + 7y

20000

40000

45000

3 66000

0, 0

x

y

x y

x y

x y

... (1)

 constraints OPQRST 

A.2.3) O, P, Q, R, S  T (0, 0), (20000, 0),

(20000, 6000), (10500, 34500), (5000, 40000)  (0, 40000) 

A.2.3
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P (0, 0)  Z  = 0

P (20000, 0) Z = 8 × 20000 = 160000

Q (20000, 6000) Z  = 8 × 20000 + 7 × 6000 = 202000

R (10500, 34500) Z = 8 × 10500 + 7 × 34500 = 325500

S = (5000, 40000) Z = 8 × 5000 + 7 × 40000   = 320000

T = (0, 40000)  Z = 7 × 40000 = 280000

x = 10500 y = 34500 Rs 

Rs M
1
 

M
2
 

 

 x 

C =

I =

P =

I assumption C 

= a ( ),

= b ( ).

C = a + bx ... (1)

 I s ( ) 
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I = sx ... (2)

P 

P = I – C

= sx – (a + bx)

= (s – b) x – a ... (3)

 x, C, I, P, a, b, s 

x

C, I, P

a, b, s

x, a, b, s, P 

P = 0, , 
a

x
s b

 

a
x

s b




a

s b

Pd

d x
 = s – b

x P s – b 
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g

g/L L/min  

t

 

  y = y (t) t  

t = 0,

y = 250 g × 1000 = 250 kg

y

kg/min  25 × 200 g  = 5 kg) 

25 kg/min
1000 40

y y
 t

1000

y
 kg )

t 

dy

dt
 = 5

40

y
( ?)

1

40

dy
y

dt
 = 5 ... (1)

 

40

t

y e  = 40200 C
t

e       y (t) = 200 + C 40

t

e ... (2)

 C 

 t = 0, y = 250. , 250 = 200 + C

C = 50

y = 200 + 50 40

t

e ... (3)

200

50

y
 = 40

t

e
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40

t

e  =
50

200y

t =
50

40log
200y

... (4)

t y kg 

y > 200  40

t

e  

kg kg

 t > 0 
0 < y – 200 < 50 200 < y < 250 

kg kg

(Limitations)

application

operations research
Bio-mathematics

Super Computers

fast

accurate

environment oceanography
population control world models

——
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1. (i)

(ii)

(iii)

(iv)

(v) (a)

(b)

(c)

(d)

(e)

3.

5.

9. (i) {1, 5, 9},  (ii) {1} 12. T
1
  T

3
 

13. 14.  y = 2x + c, c  R 

15. B 16. C

1.

2. (i) (ii)

(iii) (iv)

(v)

7. (i) (ii)

9. 10. 11. D 12. A

1. gof  = {(1, 3), (3,1), (4,3)}
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3. (i) (gof ) (x) = |5 |x |– 2|, (fog) (x) = |5x – 2|

(ii) (go f ) (x) = 2x, (f og) (x) = 8x

4.  f  f  

5. (i)  f (ii)  g 

(iii) h 

6. f –1,  f –1 (y) = 
2

1

y

y , y  1 7. f –1 , f –1 (y) = 
3

4

y

11. f –1  f –1 (a) = 1, f –1 (b) = 2  f –1 (c) = 3 

13. (C) 14. (B)

1. (i) (ii) (iii) (iv) (v)

2. (i)  

(ii)  

(iii)  

(iv)  

(v)  

(vi)  

   3.  1 2 3 4 5

1 1 1 1 1 1

2 1 2 2 2 2

3 1 2 3 3 3

4 1 2 3 4 4

5 1 2 3 4 5

4. (i) (2 * 3) * 4 = 1  2 * (3 * 4) = 1 (ii)  (iii) 1

5.

6. (i) 5 * 7 = 35, 20 * 16 = 80 (ii)   (iii) (iv) 1     (v) 1
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7. 8.  ;   N 

9.   (ii) , (iv), (v) ; (v) 10.   (V)

11.

12. (i)  (ii) 13. B

1.
7

( )
10

y
g y


 2. f f 

3. x4 – 6x3 + 10x2 – 3x 8. No 10. n!

11. (i) F–1 = {(3, a), (2, b), (1, c)}, (ii) F–1 12. No

15. 16. A 17. B 18. No

19. B

1.
6


2.

6
3.

6
4.

3



5.
2

3
6.

4
7.

6
8.

6

9.
3

4
10.

4
11.

3

4
12.

2

3
13. B 14. B

5.
11

tan
2

x 6. –1– sec
2

x
 7.

2

x
8.

4
x




9.
1sin

x

a
10.

13tan
x

a
11.

4
12. 0

13. 1

x y

xy


 14.

1

5
15.

1

2
 16.

3



17.
4


18.

17

6
19. B 20. D

21. B
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1.
6

2.
6


13. ,

4
x n n z 14.

1

3
x 

15. D 16. C 17. C

1. (i) 3 × 4 (ii) 12 (iii) 19, 35, – 5, 12, 
5

2
2. 1 × 24, 2 × 12, 3 × 8, 4 × 6, 6 × 4, 8 × 3, 12 × 2, 24 × 1; 1 × 13, 13 × 1

3. 1 × 18, 2 × 9, 3 × 6, 6 × 3, 9 × 2, 18 × 1; 1 × 5, 5 × 1

4. (i)

9
2

2
9

8
2

(ii)

1
1

2
2 1

(iii)

9 25

2 2
8 18

5. (i)

1 1
1 0

2 2
5 3

2 1
2 2

7 5
4 3

2 2

(ii)

1 0 1 2

3 2 1 0

5 4 3 2

6. (i) x = 1, y = 4, z = 3

(ii) x = 4, y = 2, z = 0   or   x = 2,    y = 4,  z = 0

(iii) x = 2, y = 4, z = 3

7. a = 1, b = 2, c = 3, d = 4

8. C 9. B 10. D

1. (i)
3 7

A + B =
1 7

(ii)
1 1

A B =
5 3

(iii)
8 7

3A C =
6 2

(iv)
6 26

A B =
1 19

 
  

(v)
11 10

BA =
11 2
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2. (i)
2 2

0 2

a b

a
(ii)

2 2

2 2

( ) ( )

( ) ( )

a b b c

a c a b

(iii)

11 11 0

16 5 21

5 10 9
(iv)

1 1

1 1

3. (i)
2 2

2 2

0

0

a b

a b
(ii)

2 3 4

4 6 8

6 9 12

 
 
 
  

(iii)
3 4 1

8 13 9

  
 
 

(iv)

14 0 42

18 1 56

22 2 70

(v)

1 2 3

1 4 5

2 2 0
(vi)

14 6

4 5

4.

4 1 1 1 2 0

A + B = 9 2 7 , B C = 4 1 3

3 1 4 1 2 0

5.

0 0 0

0 0 0

0 0 0

 
 
 
  

6.
1 0

0 1

 
 
 

7. (i)
5 0 2 0

,X Y
1 4 1 1

(ii)

2 12 2 13

5 5 5 5,X Y
11 14

3 2
5 5

8.
1 1

X
2 1

  
    

9. x = 3, y = 3 10. x = 3, y = 6, z = 9, t = 6

11. x = 3, y = – 4 12. x = 2, y = 4, w = 3, z = 1

15.

1 1 3

1 1 10

5 4 4
17. k = 1

19. (a) Rs 15000, Rs 15000 (b) Rs 5000,   Rs 25000
20. Rs 20160 21. A 22. B
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1. (i)
1

5 1
2

(ii)
1 2

1 3
(iii)

1 3 2

5 5 3

6 6 1

4.
4 5

1 6

 
 
 

9.

0 0 0 0

0 0 0 , 0

0 0 0 0

a b

a c

b c

10. (i)
3 3 0 2

A
3 1 2 0

   
        

(ii)

6 2 2 0 0 0

A 2 3 1 0 0 0

2 1 3 0 0 0

   
         
      

(iii)

1 5 5 3
3 0

2 2 2 2
1 5

A 2 2 0 3
2 2
5 3

2 2 3 0
2 2

(iv)
1 2 0 3

A
2 2 3 0

   
       

11. A 12. B

1.

3 1

5 5
2 1

5 5

2.
1 1

1 2 3.
7 3

2 1

4.
7 3

5 2
5.

4 1

7 2
6.

3 5

1 2

7.
2 1

5 3
8.

4 5

3 4
9.

7 10

2 3
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10.

1
1

2
3

2
2

11.
1 3

1
1

2

12.

13.
2 3

1 2
14.

15.

2 3
0

5 5
1 1

0
5 5
2 1 2

5 5 5

16.

2 3
1

5 5
2 4 11

5 25 25
3 1 9

5 25 25

17.

3 1 1

15 6 5

5 2 2

18. D

6.
1 1 1

, ,
2 6 3

x y z

7. x = – 1 9. 4 3x

10. (a) -I = Rs 46000

-II  = Rs 53000

(b) Rs 15000,  Rs 17000

11.
1 2

X
2 0

13. C 14. B 15. C

1. (i) 18 2. (i)  1,   (ii)   x3 – x2 + 2

5. (i) – 12,   (ii)   46,   (iii)   0,   (iv)   5 6. 0

7. (i) 3x ,   (ii)  x = 2 8. (B)
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15. C 16. C

1. (i)
15

2
,    (ii)   

47

2
,  (iii)   15

3. (i)   0, 8,  (ii)   0, 8 4. (i)  y = 2x,  (ii)  x – 3y = 0 5.  (D)

1. (i) M
11

 = 3, M
12

 = 0,   M
21 

= – 4, M
22

 = 2, A
11

 = 3, A
12

 = 0, A
21

 = 4, A
22

 = 2

(ii) M
11

 = d, M
12

 = b,  M
21

 = c,    M
22

 = a

 A
11

 = d,  A
12

= – b, A
21

 = – c,  A
22

 = a

2. (i) M
11

= 1, M
12

= 0, M
13 

= 0,  M
21 

= 0, M
22 

= 1, M
23 

= 0, M
31 

= 0, M
32 

= 0, M
33 

= 1,

 A
11

= 1, A
12

= 0,   A
13

= 0, A
21

= 0, A
22

= 1, A
23

= 0,   A
31

= 0,   A
32

= 0,    A
33

= 1

(ii)  M
11

= 11, M
12

= 6,   M
13

= 3,  M
21

= –4, M
22

= 2, M
23

= 1,   M
31

= –20, M
32

= –13, M
33

= 5

        A
11

=11,   A
12

= – 6, A
13

= 3,  A
21

= 4,  A
22

= 2,  A
23

= –1, A
31

= –20, A
32

= 13, A
33

= 5

3. 7 4. (x – y) (y – z) (z – x) 5.  (D)

1.
4 2

3 1
2.

3 1 11

12 5 1

6 2 5
5.

3 21

4 214

 
  

6.
2 51

3 113 7.

10 10 2
1

0 5 4
10

0 0 2

 
  
  

8.

3 0 0
1

3 1 0
3

9 2 3

9.

1 5 3
1

4 23 12
3

1 11 6

 
   

   

10.

2 0 1

9 2 3

6 1 2
11.

1 0 0

0 cos sin

0 sin – cos
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13.
2 11

1 37

 
 
 

14. a = – 4, b = 1 15.
1

3 4 5
1

A 9 1 4
11

5 3 1



 
    
   

16.

3 1 1
1

1 3 1
4

1 1 3

 
 
 
  

17. B 18. B

1. 2. 3.

4. 5. 6.

7. x = 2, y = – 3 8.
5

11
x


 , 

12

11
y  9.

6 19
,

11 11
x y

 
 

10. x = –1, y = 4 11. x = 1, 
1

2
y , 

3

2
z

12. x = 2, y = –1, z = 1 13. x = 1, y = 2, z = –1

14. x = 2, y = 1, z = 3

15.

0 1 2

2 9 23

1 5 13
, x = 1, y = 2, z = 3

16.  kg = Rs

    kg = Rs

kg = Rs

3. 1 5.
3

a
x


 7.

9 3 5

2 1 0

1 0 2

 
  
  

9. – 2(x3 + y3) 10. xy 16. x = 2, y = 3, z = 5

17. A 18. A 19. D
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2. f , x = 3 

3. (a), (b), (c)  (d) 

5. f , x = 0  x = 2 ; x = 1 

6. x = 2 7. x = 3 

8. x = 0 9.

10. 11.

12. x = 1 f 13. x = 1 f 

14. x = 1 x = 3 f 

15. x = 1 

16. 17.
2

3
a b 

18.   f , x = 0  f , 
x = 1 

20. x =  f  21. (a), (b)  (c) 

22.  x  R cosine cosecant x = n, n  Z 

 secant x = (2 1)
2

n , n  Z 

cotangent x = n, n  Z

23.
24. x  R  f 25. x  R  f 

26. k = 6 27.
3

4
k  28.

2
k





29.
9

5
k  30. a = 2, b = 1

34.

1. 2x cos (x2 + 5) 2. – cos x sin (sin x) 3. a cos (ax + b)

4.
2sec(tan ).tan (tan ).sec

2

x x x

x

Downloaded from https:// www.studiestoday.com

Downloaded from https:// www.studiestoday.com



296

5. a cos (ax + b) sec (cx + d) + c sin (ax + b) tan (cx + d) sec (cx + d)

6. 10x4 sinx5 cosx5 cosx3 – 3x2 sinx3 sin2 x5

7. 2 2

2 2

sin sin 2

x

x x


8.

sin

2

x

x

1.
cos 2

3

x
2.

2

cos 3y
3.

2 sin

a

by y




4.
2sec

2 1

x y

x y


  5.

(2 )

( 2 )

x y

x y




 6.
2 2

2 2

(3 2 )

( 2 3 )

x xy y

x xy y

 


 

7.
sin

sin 2 sin

y xy

y x xy 8.
sin 2

sin 2

x

y
9. 2

2

1 x
10. 2

3

1 x

11. 2

2

1 x
12. 2

2

1 x




13. 2

2

1 x




14. 2

2

1 x

15. 2

2

1 x




1.
2

(sin cos )

sin

xe x x

x
, x  nn  Z 2.

sin 1

2
, ( 1,1)

1

e x
x

x

3.
323 xx e 4.

1 –

2

cos(tan )

1

x x

x

e e

e

5. – ex tan ex, (2 1) ,
2

xe n n N 6.
2 3 4 52 3 42 3 4 5

xx e x x xe x x e x e x e

7.
4

x

x

e

xe
, x > 0 8.

1

logx x
, x > 1

9.
2

( sin log cos ) , 0
(log )

x x x x
x

x x

 
  10.

1
sin (log ),x xe x e

x
x > 0
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1. – cos x cos 2x cos 3x [tan x + 2 tan 2x + 3 tan 3x]

2.
1 ( 1)( 2) 1 1 1 1 1

2 ( 3)( 4)( 5) 1 2 3 4 5

x x

x x x x x x x x

3.
cos cos

(log ) sin log (log )
log

x x
x x x

x x

 
 

 
4. xx (1 + log x) – 2sin x cos x log 2
5. (x + 3) (x + 4)2 (x + 5)3 (9x2 + 70x + 133)

6.
12 1

2 2

1 1 1 1 log
log ( )

1

x

xx x x
x x x

x xx x

                 
7. (log x)x-1 [1 + log x . log (log x)] + 2x logx–1 . logx

8. (sin x)x (x cot x + log sin x) + 
2

1 1

2 x x

9. x sinx 
sin

cos log
x

x x
x

   
+ (sin x)cos x [cos x cot x – sin x log sin x]

10. x x cosx [cos x . (1 + log x) – x sin x log x] – 
2 2

4

( 1)

x

x

11. (x cos x)x [1 – x tan x + log (x cos x)] + (x sin x) 
1

2

cot 1 log ( sin )x x x x x

x

12.
1

1

log

log

y x

y x

yx y y

x x xy
13. 

log

log

y y x y

x x y x

 
  

14.
tan logcos

tan logcos

y x y

x y x
15. 

( 1)

( 1)

y x

x y

16. (1 + x) (1 + x2) (1 +x4) (1 + x8) 
3 7

2 4 8

1 2 4 8

1 1 1 1

x x x

x x x x

 
       

;  f (1) = 120

17. 5x4 – 20x3 + 45x2 – 52x + 11

1. t2 2.
b

a
3. – 4 sin t 4. 2

1

t
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5.
cos 2cos 2

2sin 2 sin 6. cot
2

7. – cot 3t 8. tan t

9. cosec
b

a
 10. tan 

1. 2 2. 380 x18 3. – x cos x – 2 sin x

4. 2

1

x
 5. x(5 + 6 log x) 6. 2ex (5 cos 5x – 12 sin 5x)

7. 9 e6x (3 cos 3x – 4 sin 3x) 8. 2 2

2

(1 )

x

x




9. 2

(1 log )

( log )

x

x x


 10. 2

sin (log ) cos (log )x x

x




12. – cot y cosec2 y

1. 27 (3x2 – 9x + 5)8 (2x – 3) 2. 3sinx cosx (sinx – 2 cos4 x)

3. 3cos2 3cos2
(5 ) 6sin 2 log 5x x

x x x
x

   

4. 3

3

2 1

x

x
5.

3

2

1

2

cos1 2

4 2 7 (2 7)

x

x x x

 
 

  
   

6.
1

2
7. log 1 log (log )

(log ) , 1x x
x x

x x
8. (a sin x – b cos x) sin (a cos x + b sin x)
9. (sinx – cosx)sin x – cos x (cosx + sinx) (1 + log (sinx – cos x)), sinx > cosx

10. xx (1 + log x) + ax a–1 + ax log a

11.
2 2

2 2
3 3

2 log ( 3) 2 log( 3)
3

x xx x
x x x x x x

x x

12.
6

cot
5 2

t
13. 0 17.

3sec
,0

2

t
t

at
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1. (a) 6 cm2/cm (b) 8 cm2/cm

2.
8

3
 cm2/s 3. 60 cm2/s 4. 900 cm3/s

5. 80 cm2/s 6. 1.4 cm/s

7. (a) –2 cm/min (b) 2 cm2/min

8.
1


 cm/s 9. 400 cm3/cm 10.

8

3
 cm/s

11. (4, 11)  and 
31

4,
3

  
 

12. 2 cm3/s

13.
227

(2 1)
8

x  14.
1

48
 cm/s 15. Rs 20.967

16. Rs 208 17. B 18. D

4. (a)
3

,
4

  
 

(b) 
3

,
4

  
 

5. (a) (– , – 2) and (3, ) (b)  (– 2, 3)

6. (a) x < – 1 x > – 1 

(b)
3

2
x     

3

2
x  

(c) – 2 < x < – 1 x < – 2  x > – 1 

(d)
9

2
x     

9

2
x  

(e) (1, 3)   (3, ), (– , –1)  (– 1, 1) 

8. 0 < x < 1  x > 2 12. A, B

13. D 14. a = – 2 19. D

1. 764 2.
1

64


3. 11 4. 24
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5. 1 6.
2

a

b


7. (3, – 20) (–1, 12)

8. (3, 1) 9. (2, – 9)

10. (i) y + x +1 = 0 y + x – 3 = 0

11.

12.
1

2
y  13. (i)  (0, ± 4)     (ii)  (± 3, 0)

14. (i) : 10x + y = 5; : x – 10y + 50 = 0

(ii) : y = 2x + 1; : x  + 2y – 7 = 0

(iii) : y = 3x – 2; : x + 3y – 4 = 0

(iv) : y = 0; : x = 0

(v) : x + y 2 = 0; x = y

15. (a) y – 2x – 3 = 0 (b) 36 y + 12x – 227 = 0

17. (0, 0), (3, 27) 18. (0, 0), (1, 2), (–1, –2)

19. (1, ± 2) 20. 2x + 3my – am2 (2 + 3m2) = 0

21. x + 14y – 254 = 0, x + 14y + 86 = 0

22. ty = x + at2, y = – tx + 2at + at3

24.
0 0 0 0

2 2 2 2
0 0

1, 0
x x y y y y x x

a b a y b x

25. 48x – 24y = 23 26. D 27. A

1. (i) 5.03 (ii) 7.035 (iii) 0.775

(iv) 0.208 (v) 0.999 (vi) 1.968

(vii) 2.962 (viii) 3.996 (ix) 3.009

(x) 20.025 (xi) 0.060 (xii) 2.984

(xiii) 3.004 (xiv) 7.904 (xv) 2.001

2. 28.21 3. – 34.995 4. 0.03 x3 m3

5. – 0.12 x2 m2 6. 3.92  m3 7. 2.16  m2

8. D 9. C
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1. (i)  = 3 (ii) = – 2

(iii)  = 10 (iv)

2. (i)  = – 1; 

(ii)  = 3; 

(iii)  = 4; = 6

(iv)  = 2; = 4

(v)

3. (i) x = 0 ,  = 0

(ii) x = 1 ,   = – 2

x = – 1   ,   = 2

(iii)
4

x


  ,  = 2

(iv)
4

x


  ,  = 2

7

4
x


 ,  = – 2

(v) x = 1 , = 19

x = 3 ,  = 15

(vi) x = 2 ,  = 2

(vii) x = 0 ,  = 
1

2

(viii)
2

3
x  ,   = 

2 3

9
5. (i)   = – 8, = 8

(ii)  = – 1,  = 2

(iii)  = – 10,  = 8

(iv)  = 3,  = 19

6. = 113 
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7. x = 2 ,  = – 39, x = 0 = 25.

8.
5

4 4
x 9.  = 2

10. x = 3 89; x = – 2 = 139

11. a = 120

12. x = 2 = 2; x = 0 , = 0

13. 12, 12 14. 45, 15 15. 25, 10 16. 8, 8
17. 3 cm 18. x = 5 cm

21.  = 

1

350 
 
 

cm = 

1

350
2  
 
 

cm

22.
112 28

cm, cm
4 4

27.  A 28. D 29. C

1. (a) 0.677 (b) 0.497

3. 3b  cm2/s 4. x + y – 3 = 0

6. (i) 0 < x < 
2


  

3

2


 < x < 2 (ii)

3

2 2
x

 
 

7. (i) x < –1  x > 1 (ii) – 1 < x < 1

8.
3 3

4
ab 9. Rs 1000

11.  = 
20

4
 m, = 

10

4
 m

13. (i)
2

7
x   ( ii) x = 2 

(iii) x = –1 

14.  = 
5

4
,     = 1

17.
34 R

3 3


19. A 20. B 21. A

22. B 23. A 24. A

——
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 5

(i)  f(x) = ex 

  f(x) = ex , 

f '(x) =
0

( ) ( )
lim
x

f x x f x

x

=
0

lim
x x x

x

e e

x

=
0

1
lim

x
x

x

e
e

x

= 1xe  [
0

1
lim 1

h

h

e

h
]

, ( )x xd
e e

dx

(ii) f(x) = log
e
x 

f(x) = log
e
x 

f '(x) =
0

log ( ) log
lim e e

x

x x x

x

=
0

log 1
lim

e

x

x

x
x

= 0

log 1
1

lim
e

x

x
x

xx
x
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=
1

x
  [  

0

log (1 )
lim 1e

h

h

h
]

loge

d
x

dx
=

1

x
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